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Preface

In the field of statistics, we are usually interested in studying some phenomenon.
To this end, we acquire a sample of observations which we consider as realizations
from a probability distribution with one or more parameters. In frequentist statis-
tics, we regard those parameters as some unknown constants. Our goal is to draw
inferences about them and use those inferences to answer any questions we might
have about the phenomenon under study. As one might surmise, the study of statis-
tics requires a thorough knowledge of probability distributions and their properties.
Chapter 1 of this textbook summarizes some useful elements of distribution theory
and chapter 2 introduces an important family of probability distributions with many

useful applications in statistics.

Suppose we are interested in ascertaining whether a new cholesterol drug is effec-
tive or not. We prescribe the drug to 100 volunteers with a family history of high
cholesterol and measure whether their cholesterol levels have dropped after 3 months

of taking the new drug. For i =1,2,...,100, we define:

¥ 1, cholesterol levels of volunteer ¢ dropped
i = :
0, cholesterol levels of volunteer i didn’t drop

Suppose that X; ~ Bernoulli(p) for i« = 1,2,...,100, where p is the unknown prob-
ability of success of the new cholesterol drug. A good first step in our statistical
analysis would be to obtain a logical estimate of the unknown parameter p based on
the obtained sample of observations xi,...,z100- One might correctly deduce that
the proportion of volunteers whose cholesterol levels dropped after being on the new
cholesterol drug for 3 months is a good estimate of the probability p. If that propor-
tion is "comfortably" larger than 50%, then that’s a sign towards the effectiveness of
the new cholesterol drug. Chapter 3 rigorously introduces some methods of specifying
such estimates of unknown parameters and presents several criteria based on which
different estimates of the same unknown parameter may be compared against each
other to determine the "best" among them. These criteria mainly aim at providing

some "guarantees' that the value of the point estimate is going to lie close to the true



value of the unknown parameter with high probability.

Obtaining a point estimate of the unknown parameter is usually not enough, since
its value depends on the sample we happened to collect and doesn’t provide us with
any information about how the values of the same estimate based on samples that
other people might collect are distributed. In other words, we also want a measure of
how far away the most probable values of the estimate could lie from our specific point
estimate. Thus, we get the idea for the construction of an interval which contains all
the most probable values of the estimate. That interval is constructed in such a way
that it contains the true value of the unknown parameter with some specified level of
"confidence". In our previous example, if we arrive at an interval whose lower endpoint
lies above 0.5, then that provides us with strong evidence that the new cholesterol
drug is actually effective. Chapter 4 presents different methodologies according to

which such confidence intervals are constructed.

Finally, we are interested in checking the validity of hypotheses such as whether
the unknown parameter takes a specific set of values based on the evidence contained
in our sample. For example, we might be interested in knowing whether the proba-
bility of success of the new cholesterol drug is greater than 0.5 or not, i.e. whether
the drug is effective or not. Chapter 5 sets the foundations of the framework for con-
ducting such hypothesis tests in frequentist statistics and introduces several methods

for obtaining decision rules based on the observed sample in such settings.

Bill Katsianos

Panos Andreou



Chapter 1

Elements of Probability

Distributions

1.1 Discrete Distributions

Definition 1.1. (Probability Mass Function - PMF)
fx(x)=P(X =x), ze8={xy,21,...}
Proposition 1.1. (Properties of PMFs)

i 0< fx(z) <1,z €8 ={xg,x1,...};

i, > e fx(z) =1

Definition 1.2. (Cumulative Distribution Function - CDF)

Fx(@)=P(X <2) =S P(X =9) =S fx(y), zek

Yy Yy
Definition 1.3. (Expected Value) If g |x|fx(z) < oo, then:

E(X) =) xzfx(x).

z€S
Definition 1.4. (Indicator Random Variable)

1, YeA
0, Y¢A

It holds that E(X) =1-P(Y € A)+0-P(Y ¢ A) =P(Y € A).

9



10 CHAPTER 1. ELEMENTS OF PROBABILITY DISTRIBUTIONS

Definition 1.5. (Variance) If 3" ¢ 2?fx(z) < oo, then:

Var(X) = E [(X - E(X))g] —E(X?) - [E(X)].

Theorem 1.1. (Law of the Unconscious Statistician)

Efg(X)] = 3 g(a) fx ()

z€S
Definition 1.6. (Independence)

X,Y independent < P(X € A,Y € B)=P(X € A)P(Y € B), VA, BCR

& fxy(zy) = fx@)fr(y), YzeSx, VyéeSy.
Definition 1.7. (Moment Generating Function - MGF)

Mx(t) =E () =) e fx(x)

€S

Notable Discrete Distributions

Bernoulli Distribution - Bernoulli(p), p € (0,1): Success/failure in 1 trial

fX(x) = pa:(l _p)l—a:’ MRS {07 1}7
E(X)=p, Var(X)=p(l-p),
Mx(t) =pe' +1—p, tER,

X,Y ~ Bernoulli(p) independent = X +Y ~ Bin(2,p).

Binomial Distribution - Bin(N,p), N € N, p € (0,1): Number of successes in N

trials

fX(x):<];7>px(1—p)N_m, xe€{0,1,...,N},
E(X) = Np, Var(X)= Np(1-p),
MX(t):(pet—l—l—p)N, t eR,

X ~ Bin(N,p),Y ~ Bin(M,p) independent = X +Y ~ Bin(N + M, p).

Geometric Distribution - Geom(p), p € (0,1): Number of trials until the first

success
fx(x)=p(l—p)* Y, ze{1,2,...},
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1 1
E(X)=-, Var(X)=—,
(X) ’ (X) e
t
pe
MX(t) = 1 (1 —p)et’ t < —log(l—p),

X,Y ~ Geom(p) independent = X + Y ~ NegBin(2, p).

Geometric Distribution - Geom(p), p € (0,1): Number of failures until the first

success

fx(x)=p(1l-p)*, =xe€{0,1,...},
1-— 1-—
E(X):Tp, Var(X) = pzp,
B P
11— (1—p)et’

X,Y ~ Geom(p) independent = X + Y ~ NegBin(2,p).

Mx (t) t < —log(1—p),

Negative Binomial Distribution - NegBin(N,p), N € N, p € (0,1): Number of

trials until the N-th success

rz—1

fx(z) = <N_1>pN(1—p)‘rN, ze{N,N+1,...},

9

| =2

t

pe N
Mx(t) = {1—(1—]))675] , t< _IOg(l _p)a

X ~ NegBin(N,p),Y ~ NegBin(M, p) independent = X +Y ~ NegBin(N + M, p).

Negative Binomial Distribution - NegBin(N,p), N € N, p € (0,1): Number of

failures until the N-th success

fx(z) = <:c jvjiIl)pN(l—p)x, ze€{0,1,...},

Mxy:N{;ﬂ Var(X) =N

Mx(t) = t < —log(l—p),

N
. r
[1—@—@@]’
X ~ NegBin(N, p),Y ~ NegBin(M, p) independent = X +Y ~ NegBin(N + M, p).

Poisson Distribution - Poisson(A), A > 0: Number of events in a fixed time interval

/\x

fx(z) = e_/\av

re{0,1,...},

E(X) = Var(X) = A,
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t

Mx(t) _ e)\(e —1)’

X ~ Poisson(\),Y ~ Poisson(u) independent = X + Y ~ Poisson(\ + p).

1.2 Continuous Distributions

Definition 1.8. (Probability Density Function - PDF) Function fx : R — [0,00)
such that:

P(X € A) = / fx(x)dx, ACR.
A
Definition 1.9. (Cumulative Distribution Function - CDF)

Fe(@) =P <o) = [ fxl)dy, se®

Proposition 1.2. (Properties of PDFs and CDFs)
i fx(z) =20,z €eR;
ii. [ fx(x)de =1;
iii. [0 fx(e)de=Pla<X <b)=Pla<X<b)=Pa<X<b)=Pa<X <b);

iv. P(X =2)=0,z €R;

<

. fx(x) = Fy(x), x € R;
vi. Fx strictly increasing on the set S = {z € R: fx(z) > 0}.

Definition 1.10. (Expected Value) If [, |z|fx(2)dz < oo, then:
E(X) = /R:Efx(m)d:n.
Proposition 1.3. If X >0, i.e. fx(x) =0 Va <0, then:
E <Xk) - /OOO ket 11 — Fyx(z)]dz, k> 0.
In particular, it holds that:

E(X)= /Ooo [1— Fx(x)]dz.

Definition 1.11. (Variance) If [, 2 fx (z)dz < oo, then:

Var(X) = E [(X - E(X))2] = E(X?) - [E(X)].
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Theorem 1.2. (Law of the Unconscious Statistician)

E[g(X)] = / o) fx (z)de

R
Definition 1.12. (Independence)

X,Y independent < P(X € A,Y € B)=P(X € A)P(Y € B), VA,BCR

<~ fX,Y(xay) :fX(x)fY(y)7 V%QGR
Definition 1.13. (Moment Generating Function - MGF)

Mx(t) =E (etX) = / e fx (z)dx

R

Definition 1.14. (Gamma Function)
oo
(k) :/ " lte dx, k>0
0
Proposition 1.4. (Properties of the Gamma Function)

L T(k) = (k- D)0k —1), k > 1;

i T(k) = (k— 1), k € N.

Notable Continuous Distributions

Continuous Uniform Distribution - U(¥1,92), ¥1 < ¥2: Random number selec-

tion on the interval [¢1, J2]

1 15*191

fX(x) 192_1917 FX(:I:) 192_1917 CUE[ 1, 2]7
. U1+ B (292—191)2
EX)=—5— VaX)="—"7""
6192t76191t
My(p) = { T 170
1, t=0
X9
X ~ UMW 2) = U= L~ u(0,1),
0y — 0

UNU(O,I) = X = (192—191)U+191 NU(75‘1,192).

Exponential Distribution - Exp(A), A > 0: Time between 2 events

fX(w):/\e*)‘I, FX(a:):l—e*M, x>0,
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1 1
E(X) = Y\ Var(X) = 2’
A
Mx(t) = y—p < A,

X ~Exp(\) = cX ~Exp(Ae), ¢>0,
X ~ Exp(\),Y ~ Exp(p) independent = min{X,Y } ~ Exp(\ + p),

X,Y ~ Exp(\) independent = X +Y ~ Gamma(2, \).

Gamma Distribution - Gamma(k,\), £ > 0, A >0

AV k1 e
fX(JU)ZF(k) Fle=de 1 >0,
k k
E(X) = Y\ Var(X) = 2’
A k
Mx(t) = ()\—t) ;<A

X ~ Gamma(k,\) = cX ~ Gamma (k,\/c), ¢>0,

X ~ Gamma(k, \),Y ~ Gamma(/, \) independent = X +Y ~ Gamma(k + ¢, \).

Normal Distribution - V' (y,0%), p € R, 02 >0

fxe) = e {~gale-w?}. weR

E(X)=p, Var(X)=o?

1
Mx (t) = exp {,ut+ 202t2} , teR,

X—p

XNN(M,UQ) = Z= ~ N(0,1),
Z~N(0,1) = X:UZ+MNN(M,U2),

X NN(,ul,a%) Y Nj\/'(ug,ag) independent = X +Y NN(M + pig, 0% +a§) )

Beta Distribution - Beta(¢,v2), ¥1 > 0, J2 > 0

_ P +92)

fx(x) T (9, )T (d5) (1—2)"71, 2e(0,1),

A VLD
- . Var(X) = ,
)= rvay ) = G Do 1)

X ~ Beta(ﬁl,ﬂg) = 1— X ~ Beta (192,’[91) ,

E(X

X ~ Beta(d,1) = Y = —log X ~ Exp(9),



1.3. DEFINITIONS AND PROPERTIES

X ~ Beta(1,9) = Y = —log(l — X) ~ Exp(v),

Y ~Exp(¥) = X;=e¢ ¥ ~Beta(?,1) and X =1—¢" ~ Beta(1,9).

1.

3 Definitions and Properties

Definition 1.15. (Covariance) If E(XY) < oo, then:

Cov(X,Y) = E[(X — E(X)) (Y — E(Y))] = E(XY) — E(X)E(Y).

Proposition 1.5. (Properties of the Expected Value)

i.

ii.

iii

iv.

v

E(aX +b) = aE(X) + b;

E(aX +bY) = aE(X) + bE(Y);

i. X,Y independent implies that E(XY) = E(X)E(Y);

a < X < bimplies that a < E(X) < b;

. X <Y implies that E(X) < E(Y).

Proposition 1.6. (Properties of the Variance)

i

ii

iii

iv

A%

. Var(X) > 0;

. Var(aX +b) = a® Var(X);

. Var(aX + bY) = a® Var(X) + b% Var(Y) + 2ab Cov(X, Y);

. X,Y independent implies that Var(aX + bY) = a® Var(X) + b? Var(Y);

. X, Y independent implies that Var(XY) = E (X?)E (Y?) — [E(X)E(Y))".

Proposition 1.7. (Properties of the Covariance)

i

ii.

iii.

iv.

vi.

. Cov(X,a) =0;

Cov(X, X) = Var(X);

Cov(Y,X) = Cov(X,Y);

Cov(aX +b,cY +d) = acCov(X,Y);

Cov(X +Y,Z+ W) = Cov(X,Z)+ Cov(X,W) + Cov(Y, Z) + Cov(Y,W);

X,Y independent implies that Cov(X,Y) = 0.
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Definition 1.16. (Conditional Expectation of X given Y = y)

Y owesy Lfxy (@ |y), X discrete
mxy(y) =EX | Y =y) = €Sx |

Jrxfxyy (x| y)dz, X continuous

Definition 1.17. (Conditional Expectation of X given Y)

E(X|Y)= mX|Y(Y)
Theorem 1.3. (Law of Iterated Expectations)

m , Y discrete
E(X) = E[E(X | V)] = E [mapy (v)] = { &vesy v Wi @) ¢

Jr mx|y(y)fy(y)dy, Y continuous
Proposition 1.8. (Properties of MGFs)

i. Mx(t) = My(t) vVt € R if and only if X, Y identically distributed (belonging to

the same family of distributions with the same parameter values);
il. Max4s(t) = " Mx (at);
ii. MP0)=F (X*), keN;
iv. X,Y independent implies that Mx_ 1y (t) = Mx (t)My(t).

Proposition 1.9. (Notable Probabilistic Inequalities)

E(X)

a 9

i. Markov’s Inequality: X > 0= P(X > a) < a>0

ii. Chebyshev’s Inequality: P (|X —E(X)| > a) < Yar(X) >0

a2

iii. Cauchy - Schwarz Inequality: [E(XY)]*> <E (X?)E (Y?)

iv. Covariance Inequality: [Cov(X,Y)]? < Var (X) Var (Y)
v. Jensen’s Inequality: f convex implies that f (E(X)) < E[f(X)]

Note 1.1. An easy way to remember the direction in Jensen’s inequality is through
the non-negativity property of the variance of a random variable X. More specifically,

we know that:

2

where f(x) =z is a convex function in R.



Chapter 2

Exponential Family of

Distributions

2.1 Introduction

The exponential family of distributions is a class of distributions which includes
many of the most widely used (discrete and continuous) distributions. Its usefulness
lies in the fact that the distributions which belong to it have some common properties,
which allow us to formulate various propositions that are valid for all them. Many well-

known results about these distributions can arise as special cases of these propositions.

Definition 2.1. i. The set ® which contains all the values that an unknown pa-

rameter ¥ can take is called the parameter space.

ii. The set S = {x € R: f(z;9) > 0} is called the support of the distribution with
PMF or PDF f(z;9).

2.2 Omne-parameter Exponential Family

Definition 2.2. A distribution with unknown parameter ¥4 € © C R and PMF or
PDF f(x;9) for x € S C R belongs to the one-parameter (full) exponential family if
the support S doesn’t depend on the value of ¥ and it holds that:

Fla;9) = h(z)eQWT@)=AW),

If Q(¥9) = 19, then we say that the exponential family is in canonical form.

Note 2.1. Indicatively, we mention that the following distributions belong to the
one-parameter exponential family: Bernoulli, binomial with known number of trials,

geometric, negative binomial with known number of trials, Poisson and exponential.

17



18 CHAPTER 2. EXPONENTIAL FAMILY OF DISTRIBUTIONS

Proposition 2.1. If a random variable X has PMF or PDF f(z;1) = h(z)e?T(®)—A®)

in canonical form, then it holds that:
E[T(X)] = Al(ﬁ), Var[T(X)] = A”(ﬁ)’ MT(t) -F [etT(X)} _ eA(H-'ﬁ)—A(ﬁ).

Proof. Without loss of generality, suppose that X is a continuous random variable.

‘We observe that:

/ flz;Ndx =1 = / h(z)e?T@ dy = AW,
R R

In differentiating this expression with respect to ©, we can interchange the order of
differentiation and integration by suitable application of the dominated convergence

theorem in order to get that:

a/h(m)eﬂT(w)da?:A'(ﬁ)eAw) = /h(:ﬂ)8eﬂT($)dx:A'(19)eAw) =
oY Jr R oY

/ h(z)T(2)e?T@de = A'(9)eA?) =
R

AW = / T(z) h(z)e?T@=AW) g — B[T(X)).
. f(@59)

Similarly, we calculate that:

/ h(z)T?(2)e’T@dz = [A'(9)]? A0) 4+ A" (9)eAD) =
R

E[T*(X)] = [A(W)]* +A"(9) =
A'(9) = E [T2(X)] — [E(T(X))]> = Var [T(X)].
As far as the moment generating function is concerned, we calculate that:
Mrp(t) = / @) f (0 da = / T @ ()T @ =AW gy
R R
_ AW / h(@)e T ITE gy
R

_ A(9) - A(9) / h(@)e T @=A®E+D) g,
R

-

flz;t+9)

— QA9 —A®W)

O

Note 2.2. If Q(¥) # ¥, then the exponential family may be converted to canonical

form with the reparameterization n = Q(99).



2.3. MULTIPARAMETER EXPONENTIAL FAMILY 19

Example 2.1. (Binomial with known number of trials)

T

T

— <N> ¢@llog p—log(1—p)]+N log(1—p)

A\ =z
N 1

= exp < zlog P — Nlog—— ¢,
T 1—-p 1—p

h(x) = (N) Q(p) =log 1 P T@ =z, Ap) = Nlog ¢ !

x

Consider the following reparameterization:

—log-—2— €R = (1 —-p)e = = o 1
TSI, pre="r P=ay1 " 1qen
N z—N log(e"+1)
flasm) = (" )e" ¢ ; A(n)=Nlog(e"+1).
Then, it follows that:
Nel

E[T(X)] =E(X) = A'(n) = ~N

[T(X)] = E(X) () = o7 = Np,

Ne Nem 1
Var [T(X)] = Var(X) = A"(n) = —< = ¢ — Np(1 —p),

(en+1)2 en4+1lem+1

MT(t) _ Mx(t) - (etX) — (Alttn)—AMm) _ eNlog(et‘”l—i-l)—Nlog(e"—i-l)

t+n 1 t,.n 1 N
:exp{]\floge + }:<ee + )

en+1 em+1

¢ ey 1Y t N R. O
(677+16+e77—|—1> (pe' +1-p)", te

2.3 Multiparameter Exponential Family

Definition 2.3. A distribution with unknown parameter vector ¥ € © C R® and
PMF or PDF f(x;¢) for x € S C R belongs to the multiparameter exponential family
if the support S doesn’t depend on the value of ¢ and it holds that:

F(z:9) = h(z)el@@)T@)-A®)

where Q : © - R and T : S — R? with d > s. If s = d, i.e. the dimension of the
vector ¥ is equal to the dimension of the range of the functions ) and T', then we say
that it constitutes a full exponential family. Otherwise, we say that it constitutes a
curved exponential family. If Q(¢) = ¢, then we say that the exponential family is in

canonical form.
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Note 2.3. Indicatively, we mention that the following distributions belong to the
2-parameter full exponential family: normal, gamma and beta. In contrast, we can
easily see that the continuous uniform distribution on [¢;,12] does not belong to
the exponential family, since the support S = [¢}1, 72| depends on the value of the

parameter vector ¥ = (1, v2).

Example 2.2. (Gamma)

A SRR 1
f(:c,k,/\)—%:n e —:Eexp{klogw—)\a:—k‘log)\—logF(k:)},

1 1
h(l‘) = Q(kv)‘) = (k7_>‘)7 T(‘T) = (10g$7l‘), A(kv)‘) :klogx+logr(kj)
T
Hence, the gamma distribution belongs to the 2-parameter full exponential family. [

Example 2.3. (Weibull) For £ > 0, A > 0 and = > 0, we calculate that:
1
Flaik, N) = kAzh e " = kb Lexp {—)\xk —log A} .

We observe that there exists no way to write the term A\z* as a product of a function
of the parameter vector ¥ = (k, \) and a function of . Thus, the Weibull distribution
does not belong to the two-parameter exponential family. However, if £ is a known

constant, then we calculate that:

1
flz;A) = kA lem2@" = k=1 exp {—/\:L‘k —log )\} ,

) = kb, Q) = -\, T(z) = aF, A()\)zlog;

Therefore, the Weibull distribution with known k belongs to the one-parameter expo-

nential family. O

Proposition 2.2. If f(z;9) = h(z)e?T#)=AW) is the PMF or PDF of a random
variable X in canonical form, then the following hold for j, k =1,2,...,s:

0A 0?A 0?A

E[T;(X)] = 50 Var[T;(X)] = T Cov[T;(X), Ti(X)] = 89,09),

Mr(t)=E [6<t,T(X)>} — QAH0)—A®W)

Proof. Without loss of generality, suppose that X is a continuous random variable.

‘We observe that:

/f(ar;ﬁ)da:zl = / e T@) gy = AW),
R
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In differentiating this expression with respect to 9;, we can interchange the order of
differentiation and integration by suitable application of the dominated convergence

theorem in order to get that:

/ h(@) T (2)e P T gy — 24 aw)
R 99;

o4 _
o9,

[ 750 1la)e 0T A0 iy i)
R

f(;9)
By differentiating with respect to ¥, we calculate that:

2
/ h(2)T ()T (2)e 7@ dar = <‘9A 04 &4 )ew N
R

99, 00, | 90,00,

2
E [T (X)Tu(X)] = 21;4;‘;1 T &fj o
0%A
59507 = EILCOTHX)] ~ E (0] E [L(X)] = Cov [15(X). Tu(X)].

For j = k, we observe that:

%4

Cov [T5(X), T5(X)] = Var [T;(X)] = =
J

As far as the moment generating function is concerned, we calculate that:

Mi(t) = / e T@) f(g: 9)dy = / TN b ()6 P ) ~AW) gy
R R

:e_A(ﬂ)/h($)e<t+ﬁ,T(z))d$
R

_ AtH0)-A) / h(@)e TP T@)=A®E) g,
R >
flx;t+9)

_ GAWH9)-AW)
O

Note 2.4. If Q() # ¥, then the exponential family may be converted to canonical

form with the reparameterization n = Q(9).

Example 2.4. (Normal with mean #¢; and variance )

1 1
fas) = e {—%«c - W}

S S (/U SN IR S
= 271_exp 95 295 20, 2 gU2 ¢,
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h(z) = \/12? Q) = <Z;,—2392> , T(@) = (2,2%), AW) = 21952 + %logﬁg.
Consider the following reparameterization:
n=(n1,n2) = (Z;, —21192> ER x (—o0,0) =
o = —27172, U = —2%2,
f(xsm) = \/127 exp {mx + ma? + ;752 + %log (—2772)} ;
An) = —47752 - %log(—%z)-
Then, it follows that:
En (0] =B = 50 - Ty,
E[T(X)] = E (X2) = 8?;;7) _ Z% _ 2372 = 9% 1 0,
Var [133)] = Var () = 20 L g,
Var [Ty(X)] = Var (X?) = 82537(%”) = —2’7% + 2;% = 4929, + 202,

O?Alm)  m
= = = 2011%. O
omony 23 o

Cov [T1(X), T>(X)] = Cov (X, X?)

Definition 2.4. A multivariate distribution with unknown parameter ¢ € © C R?
and joint PMF or PDF f(z;9) for x € S C R" belongs to the multivariate exponential
family if the support S doesn’t depend on the value of ¥ and it holds that:

F(z:0) = h(z)el@@)T@)-AW)

Proposition 2.3. Suppose that Xi,..., X, are independent and identically dis-
tributed (iid) random variables from a distribution which belongs to the univariate ex-
ponential family. Then, the joint distribution of the random vector X = (X1,...,X},)
belongs to the multivariate exponential family with PMF or PDF given by:

f(z;9) = h*(aj)e@(ﬂ)’T*(‘”»_A*(ﬁ), e S,

n n

W () =[x, T (@) => T(x:), A*()=nA().

i=1 =1
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Proof. We calculate that:

n

f(a:,19) f[ xzv th Q(ﬂ

=1 =1

ol

=1 i=1

= h*(x wp{< }:sz>

— B (2)e{Q) T (@) =A"(9),

3

i) —A(D)

- nA(z?)}

)
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Chapter 3

Point Estimation

3.1 Introduction

Definition 3.1. i. An n-dimensional random vector X = (X1,...,X,,) is called a

sample of size n.

ii. An n-dimensional random vector X = (Xy,...,X,,) is called a random sample
of size n if the random variables Xi,..., X, are independent and identically

distributed (iid).

Definition 3.2. i. A function T'(X) = T'(Xy, ..., X,) which doesn’t depend on the

value of the unknown parameter ¥ is called a statistic.

ii. A statistic T'(X) is called an estimator of the parametric function g(¥) if it holds
that T (S) C g(9).

Note 3.1. As can be seen from the previous definition, we could consider any arbi-
trary function of the sample X as an estimator of ¢, as long as this function takes
values on the parameter space ©. However, this condition alone is not enough to
give us a good estimate of the true value of 9 in practice. For this reason, various
criteria have been developed to judge whether an estimator of 9 is "good" or not. In
this chapter we will study these criteria for "good" estimators, such as unbiasedness,
the mean squared error criterion, sufficiency, efficiency and consistency. At the end
of the chapter we will study 2 of the most widely used methods of finding estimators

- the maximum likelihood method and the method of moments.

3.2 Unbiased Estimators

Definition 3.3. i. A statistic 7'(X) is called an unbiased estimator of the paramet-

ric function g(9) if it holds that Ey [T(X)] = ¢g(9J) VI € ©.

25
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ii. The function biasg ) [T'(X)] = Ey [T'(X)]—g(?) is called the bias of the estimator
T(X) with respect to the parametric function g(v).

Interpretation: The property of unbiasedness ensures that an estimator of 9 takes
values close to the true value of 9, but it doesn’t provide any information about
how tightly concentrated all the most probable values of the estimator are around
that value. Therefore, this property doesn’t suffice in order to characterize a "good"
estimator, since it could potentially take values very far away from the true value of
¥ with high probability. In order to ensure that all the most probable values of the
estimator are tightly concentrated around the true value of ¥/, we must also demand

that the estimator have as small a variance as possible.

Note 3.2. We observe that a statistic 7'(X) is an unbiased estimator of g(¢) if and
only if bias,y) [T(X)] = 0 Vi € ©. For a given parametric function g(1J) there may
not exist any unbiased estimator, there may exist a unique unbiased estimator, or

there may exist multiple unbiased estimators.
Definition 3.4. i. The statistic X = % Yoy X, is called the sample mean.

ii. Consider the following statistic:

n

1 - 1 - —2
# S mr = (S,
=1

i=1

which is called the sample variance.

Proposition 3.1. Let Xi,...,X,, be a random sample from a distribution with

unknown parameter 9. Then, it follows that:
i. The sample mean X is an unbiased estimator of g1 () = Ey(X1);
ii. Vary (X) = 1Vary(Xy);

iii. The sample variance S? is an unbiased estimator of go(1)) = Vary(X1).

Proof. i. We calculate that:
- 1 = 1 « 1
Ey (X)=—-E X | == Ey(X;) = — Ey(X1) = Ey(X1) = g1(9).
9 (X) - ﬁ(; ) n; 9(Xi) n; 9(X1) = Ey(X1) = g1(9)

ii. We calculate that:

Vary (X) = %Varﬁ (Z Xl-) _ ! > Vary(X;) = %Varﬂ(Xl).
=1 =1

n? 4
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iii. We calculate that:

£y (X°) = Vary (%) + [Es (¥)]* = ~Vary(Xa) + [Eo(X0),

1
B () = =1

zn; Ey (X2) — nEy (XQ)]

nVary(X1) 4+ n [Eg(X1)])? — Varg(X1) — n [Eg(X1)]?
n—1

= Varg(Xl) = 92(19)
O

Example 3.1. Let Xi,...,X,, ~ Bin(N, p) be a random sample with known N. We
know that E(X;) = Np and Var(X;) = Np(1 — p). According to the previous note,
it follows that E(X) = Np and E (5?) = Np(1 — p). Furthermore, we observe that:

E <]1VX> =p, E <]1[52) =p(1—p).

Therefore, T1(X) = %X is an unbiased estimator of p and T5(X) = +5% is an
unbiased estimator of the parametric function g(p) = p(1 — p). O

Example 3.2. Let X ~ Poisson(A) be a sample of size 1. We want to show that there
doesn’t exist any unbiased estimator of the parametric function g(\) = % Suppose

that the statistic 7'(X) is an unbiased estimator of g(\), i.e. it holds that:

P
E[T(X)] = g(\ T(x)e Mo = =
[T(X)] g()ﬁg(w)e il Wl
. ATy T(2) i1 = A
AZT@)J—G ) 2 _Zl;l <
=0 =0 =0
> T(x—1 1
po (x —1)! i

Since the left-hand side is a power series without a constant term and the right-hand
side is a power series with a constant term equal to 1, it’s impossible for them to be

equal to each other. Thus, there doesn’t exist any unbiased estimator of g(\) = % ]

3.3 Mean Squared Error

Definition 3.5. The function MSEy) [T(X)] = Ey[(T(X) — g(9))?] is called the
mean squared error (MSE) of the estimator T'(X) with respect to the parametric

function ¢(v).
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Mean Squared Error Criterion: An estimator 7% (X) of g(¥) is considered "better"
than some other estimator T(X) of g(9) according to the MSE criterion if it holds
that MSng) T*(X)] < MSEg(ﬂ) [T(X)] V9 € ©.

Note 3.3. The mean squared error function can be decomposed as follows:
MSEy ) [T(X)] = Varg [T(X)] 4 bias, z [T(X)].

If biasy(g) [T'(X)] = 0, i.e. T(X) is an unbiased estimator of g(¢J), then we observe
that MSEy ) [T(X)] = Vary [T(X)]. In other words, if we restrict ourselves to con-
sidering only unbiased estimators of g(¥), then the "best" among them according to
the MSE criterion is the one which achieves the smallest possible variance. This un-
biased estimator which achieves the smallest possible variance is called the uniformly
minimum-variance unbiased estimator (UMVUE) g(¢), and we will study some of
its properties in section 3.7. However, this doesn’t exclude the possibility of there
existing a biased estimator of g(¢) with smaller MSE than the UMVUE of ¢(¢), and
thus smaller MSE than any other unbiased estimator of g(¥).

3.4 Sufficiency

Definition 3.6. A statistic T'(X) is called sufficient for the parameter ¥ if the condi-
tional distribution of the sample X given that 7'(X) = ¢ doesn’t depend on the value
of ¥ V¥ € © and Vt € T (S).

Interpretation: A sufficient statistic gathers all the information contained in the
sample for the unknown parameter. In other words, it suffices to compute the value of
a sufficient statistic from a sample of observations, and we will have all the information
we need to estimate the unknown parameter, without further access to the individual

observations.

Theorem 3.1. (Fisher - Neyman Factorization Criterion) Let X be a sample with
joint PMF or PDF f(z;9) for ¥ € © and = € S. A statistic 7'(X) is sufficient for the

parameter ¢ if and only if there exist non-negative functions g, h such that:

f(@;0) = g(T'(x), 9)h(x).

Proof. Assume that the distribution of the sample is discrete. First, suppose that
flx;9) = g(T(x),9)h(z). We know that:

P(X =z | T(X) = t)

We discern the following 2 cases:
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1. If T(x) # t, then it follows that:
{X=z2}n{T(X)=t}=20 = PX=2TX)=t)=0 =
P(X =z | T(z) =t) =0.
2. If T(z) = t, then we calculate that:

P(X =z |T(X)=t) = -

which does not depend on the value of 9.

In both cases, the conditional probability P(X = x | T(X) = t) does not depend on
the value of 9, which implies that 7'(X) is a sufficient statistic for ¥.

Conversely, suppose that 7'(X) is a sufficient statistic for ), which implies that
there exists a function p(x,t) such that P(X =« | T(X) = t) = ¢(x,t). Once again,

we discern the following 2 cases:
1. If T(x) # t, then it follows that ¢(z,t) = 0.
2. If T(x) = t, then it follows that p(x,t) = ¢(z,T(x)) = h(z) for some function
h. Then, we calculate that:
f(@:9) = B(X = 2| T(X) = OB(T(X) = 1) = o, DP(T(X) = 1)
= h(z) fr(t:9) = h(z)g(T'(z), D).

The proof for the general case can be found in Keener, Section 6.4. O

Note 3.4. Suppose that the statistic T'(X) is sufficient for 9. If z,y € S with
T(z) = T(y), then we observe that:

which doesn’t depend on the value of 9. Conversely, if that ratio depends on the
value of ¥, then the statistic 7'(X) isn’t sufficient for 9.

Corollary 3.1. Suppose that the statistic 7'(X) is sufficient for 9.
i. If it holds that T' = ¢ (T*) for some function v, then 7*(X) is sufficient for 9.

ii. If it holds that ¢ = ¢(n) for some function ¢, then T'(X) is sufficient for 7 too.
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Proof. i. According to the Fisher - Neyman factorization criterion, it follows that:

f(@;9) = g(T(2), 0)h(x) = g (4 (T"(2)) , ) h(x) = ¢" (T"(x), V) h(x),

where ¢g* (t,9) = g (¢(t),9). Hence, T*(X) is a sufficient statistic for 9.

ii. According to the Fisher - Neyman factorization criterion, it follows that:

f(@;9) = g(T(x), 9)h(x) = g (T(x),0(n)) h(x) = g (T (x),n) h(x),

where ¢g* (t,n) = g (¢t,(n)). Hence, T'(X) is a sufficient statistic for 7. O

Example 3.3. Let Xi,..., X, ~ Exp()) be a random sample. We know that:

n n

Flan) =] f@sn =]] [)‘e_Axi]l(O,oo) (wi)} = A"exp {—)\in} Lg,00)n (2),
] =1

i=1 =1

where T'(z) = Y1 i, g(t,A) = e and h(z) = L(ge)n(2). According to the
Fisher - Neyman factorization theorem, it follows that the statistic T(X) = > " | X;
is sufficient for . O

Example 3.4. Let Xi,..., X, ~ Laplace(u,\) be a random sample with u € R,
known A > 0 and PDF f(x;pu) = %e*)"l"*“' for x € R. We calculate that:

flo;p) = (;)nexp {—Ag | —u!},

where T(z) = (z1,%2,...,2n), g(t,p) = e Xi=lti=#l and h(z) = (%)n According
to the Fisher - Neyman factorization theorem, T'(X) = (X1, Xa,...,X,,) is sufficient
for u. We observe that the sufficient statistic we calculated was the entire sample X,
and we wouldn’t have been able to find any lower-dimensional sufficient statistic than
that. The term >, |X; — pu| which appears in the joint PDF of the sample doesn’t

constitute a statistic, since it depends on value of the unknown parameter pu. ]

Definition 3.7. We denote the order statistics of the sample X by X(y),..., X(y).
In particular, it holds that X(;y = min{X1,..., X} and X(,) = max{Xy,..., X, }.

Example 3.5. Let X1,..., X, ~U(0,9) be a random sample. We know that:
1 o
Fla0) = = [ Ly (@) = 07" 0.0) (7)) Ljo.0) ()
i=1
=000 (£(1)) L—oc] (Tm))

where T'(z) = x(y), g(t,9) = V"1 (Lo p) (t) and h(x) = 1 ) (33(1)). According to
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the Fisher - Neyman factorization theorem, T'(X) = X, is sufficient for ¥. O

Example 3.6. Let Xi,...,X,, ~U(J,9 + 1) be a random sample. We know that:
f(z;0) = H Ly g1 (i) = L 941 (2(1)) Lpw,o11) (Tw)) »
i=1

where T'(x) = (z(1), %)), 9(t1,t2,9) = Ly gi1) (1) Ljg 941 (t2) and h(z) = 1. Ac-
cording to the Fisher - Neyman factorization theorem, it follows that the statistic
T(X) = (Xqy, X(n)) is sufficient for o). O

Example 3.7. Let Xi,...,X,, be a random sample with f(z;\, k) = e~ AMe=k) for
A>0, k€ Rand x> k. We calculate that:

flx; A\ k) = A"exp {—)\ Z(:cl — k:)} H L o0 ()
i=1 i=1
n
= \"exp {—)\ le + n)\k} Lk 00) (l’(l)) ,
i=1

where T'(z) = (3L, @i, (1)), g9(t1,t2, A\ k) = N Mty (ty) and h(z) = 1.
According to the Fisher - Neyman factorization theorem, it follows that the statistic

T(X) = (31, X, X(qy) is sufficient for 9 = (A, k). O

Proposition 3.2. (Sufficiency in the Exponential Family) Suppose that the distri-
bution of the sample X belongs to the multivariate exponential family with PMF or
PDF f(x;9) = h(x)eQ)T@)=A0) for ¢ € © and = € S. Then, the statistic T(X)

is sufficient for 9.

Proof. We observe that the PMF or PDF can be written as f(z;9) = g(T(x),9)h(x),
where g(t,9) = elQWH—-AW)  According to the Fisher - Neyman factorization crite-
rion, it immediately follows that the statistic 7'(X) is sufficient for . O

Example 3.8. Let Xq,..., X, ~ N(ﬁ,v&a) be a random sample with ¥ # 0. We

calculate that:
fa) = () epd L Sy
B V292 P 2 i=1 "
1 — 1 & n
_ —n/2|,9|—n - L 2_
(2m) /2] exp{ 5 g 2}

1 & 1 o
= (2776)”/26xp{19;xi— 2192;%2 —nlog]ﬁ\},

where we let h(z) = (2me)™2, Q(¥) = (4, —552), T(x) = (30 @4, >0 2?) and

i



32 CHAPTER 3. POINT ESTIMATION

A(¥) = nlog|9|. According to the proposition about sufficiency in the exponential
family, it follows that the statistic T(X) = (31, Xi, Yy X7) is sufficient for . We
observe that the distribution of the sample only has 1 unknown parameter, whereas

the sufficient statistic 7'(X) is 2-dimensional, so it’s a curved exponential family. [

Note 3.5. To sum up, we have 3 methods at our disposal for showing that a statistic is
sufficient for some unknown parameter: the definition of sufficiency (usually unwieldy
in practice), the Fisher - Neyman factorization theorem (more straightforward than
the definition) and the proposition about sufficiency in the exponential family (which
may be easily combined with proving the completeness of the statistic). In table 3.1,
we summarize some notable sufficient statistics for the parameters of some widely

used families of distributions.

Bernoulli(p)
Bin(N, p) with known N
Geom(p)
NegBin (N, p) with known N > i Xi
Poisson(\)
Exp())
N (p, 0?) with known o?
N (u,0%) with known p S (X — p)?
N(M7U2) (Z?:l XuZ?le?)
Gamma(k, \) (> log X4, >0 Xi)
Beta(ty, 92) (>orlog X5, >0 log(1 — X5))
U(V1,72) (X Xem)

TABLE 3.1: Notable Sufficient Statistics

3.5 Completeness

Definition 3.8. A statistic T'(X) is called complete (for the distribution of the sam-
ple) if Ey[p(T)] = 0 ¥ € O implies that ¢(T") = 0 with probability 1 (almost surely)

for any function ¢.

Note 3.6. We observe that any unbiased estimator of 0 which is a function of a
complete statistic must be almost identically equal to 0. Therefore, if there exist 2
different functions ¢(7") and ¢(7T') which are both unbiased estimators of g(¢), then
the statistic 7(X) cannot be complete. Conversely, if 7'(X) is a complete statistic,

then there exists at most one function ¢(7") which is an unbiased estimator of g(¥}).

Definition 3.9. A statistic A(X) whose distribution doesn’t depend on any unknown

parameter ¢ is called ancillary.
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Note 3.7. If it holds that A(X) = ¢(T') for some function ¢ and A(X) is an ancillary
statistic, then T'(X) cannot be complete. Conversely, if T'(X) is a complete statistic,
then any function of it cannot be ancillary. In other words, any function of a complete

statistic is informative about the unknown parameter .
Proposition 3.3. If T(X) is a complete statistic and it holds that 7' = ¢ (T*) for

some injective function v, then T*(X) is also a complete statistic.

Proof. Suppose that Ey[p (T%)] = 0 V¥ € ©. Since the statistic T(X) is complete

and the function v is invertible, it follows that:
Eslp(T7)] = Eglo (v~ (D)) = Egl(w o™ )(T)] =0 =

(po™)(T) = (v™HT)) = ¢ (T*) = 0.

Therefore, T*(X) is also a complete statistic. O

Note 3.8. In practice, first we find a sufficient statistic for 9 using one of the methods
presented in the previous paragraph, and then we check if it’s also complete. To check
whether the definition of completeness holds, we need to determine the distribution
of the sufficient statistic T'(X), so that we can calculate the expectation Ey[p(T)].

There are 2 notable cases to consider:

i. If the statistic T'(X) = ;- ; X; is sufficient for 9, the distribution of T'(X) follows
directly from the properties of MGFs.

ii. If Xyq,...,X, is a random sample with PDF f(z;v), CDF F(z;9) and sufficient
statistic T'(X) = X(,) or T(X) = X(y) for ¥, then the PDF of T'(X) can be

calculated as follows:
Fy, () =Pmax{Xy,...,X,} <z)=P(X1 <z,.... X, <2)
=P(X1 <z)--P(X, <) = [F(2;9)]",
FX o (@) = nf (30) [F(2;9)]" "

Fx, (z) =1-Pmin{Xy,...,Xn} >2)=1-P(X1 >2,.... X, > 7)
=1-P(X; >2z)--P(X, >z)=1—-[1-F(x;9)]",

fX(l) (37) = nf(x, 19) [1 — F(CL‘; ﬂ)]n—l )

Note 3.9. To compute the expectation Ey[p(T')], we distinguish the following cases:

i. The distribution of 7" is discrete: The expectation takes the form of a series (or
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ii.

iii.

iv.

a sum). Specifically, if it takes the following form:

Eslp(T)] = ot)e(t) [u(@)] =0, ¥ €0,
t=0
then we infer that ¢(¢)y(t) = 0 Vt € T (S). Furthermore, if 1(t) # 0 V¢t € T (.9),
then we conclude that ¢(t) =0Vt € T (S).

The distribution of T" is continuous and its support is (0,00): Suppose that the

integral takes the following form:
BolplT)) = [ eputu@)e " dt = () [ puie i =0,
0 0
VY € 0. If w(Y¥) # 0 VI € O, then if follows that:

/ o(O)(t)e " Dtdt — 0, i € ©.
0

The last integral is the Laplace transform of the function ¢(t)1(t) evaluated at
u(¥). We know that the Laplace transform is injective on classes of almost surely
equal functions. Additionally, the Laplace transform of the zero function is equal
to 0, so we infer that ¢(t)1(t) = 0 almost surely. Furthermore, if 9 (t) # 0, then

we conclude that ¢(t) = 0 almost surely.

The distribution of T is continuous and its support is the real line: Similarly,

suppose that the integral takes the following form:

o0

Eylp(T)] = / T Wb Ow(@)e Mt = w() / (B (t)e " Didt = 0,

—0o0 —0o0

Vi € O. If w(d) # 0 VI € O, then it follows that:

oo
/ e(t)Y(t)e " Dtdt =0, VI €O,
—o0

The last integral is the two-sided Laplace transform of the function o(t)i)(t)
evaluated at u(v), which is also injective on classes of almost surely equal func-
tions. The two-sided Laplace transform of the zero function is also equal to 0. If

©(t) # 0, then we arrive at the desired result in the same manner as before.

The distribution of 7" is continuous and its support depends on 1}: The expectation
takes the form of a Riemann integral with at least one integration limit which is

a function of ¥J:

u(9) u(9)
BofpT)) = [ plOuudt=w@) [ e@uoi=o, vice,
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If w(¥) # 0 VI € O, then we infer that:

u(?)
/ p(t)y(t)dt =0, VI €®.
According to the fundamental theorem of calculus, it follows that:
u'(9)e (u(¥)) ¢ (u(¥)) =0, Vi €O.

If o/ (9)Y (u(9)) # 0 V9 € O, then we conclude that ¢ (u(d)) = 0 VI € O, i.e.
o(t) =0Vt eu(®). If T (S) C u(O), then the desired result follows.

Example 3.9. Let Xi,...,X,, ~ Poisson(\) be a random sample. We know that
T(X)=>",X;~ Poisson(nA\) is sufficient for X\. Suppose that E[¢x(T)] = 0VA > 0.

Then, we calculate that:

_ i C(BA(T = 1) = i o(t)e=mt A ”A f: ﬁ (me—m)t — 0,

t=0 t=0 t=0

VA > 0. It follows that # = 0 for t = 0,1,..., which implies that ¢(¢) = 0 for
t=0,1,.... Therefore, the statistic T'(X) = >_"" ;| X; is complete. O

Example 3.10. Let Xi,..., X, ~ Exp()A) be a random sample. We know that
the statistic T(X) = >.7 | X; ~ Gamma(n,\) is sufficient for X\. Suppose that
Ex[¢(T)] = 0 VA > 0. Then, we calculate that:

)\'I’L o
/ fr(t) =1 / e No(t)dt =0, YA>0 =

/ et e Mdt =0, VYA > 0.
0

The last integral is the Laplace transform of the function ((¢)t"~! evaluated at M.
According to note 3.9, we infer that ¢(¢)t"~1 = 0 V¢ > 0, which implies that ¢(t) = 0
vt > 0. Therefore, the statistic T(X) = > | X; is complete. O

Example 3.11. Let X1,..., X, ~U (9% 1) be a random sample with ¢ € (0,1). We
can easily show that the statistic T'(X) = X(y) is sufficient for ¥J. According to note

3.8, we calculate that:

n

fxq) (@) = m(l 1) te (91).

Suppose that Ey[¢(T)] =0 V¢ € (0,1). Then, we calculate that:

1 n 1
D)= [ Fr Ottt = = [ =0 e =0, voe©.)
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/1(1 —t)"lpt)dt =0, Ve (0,1).
9

2

According to the fundamental theorem of calculus, we infer that:
—2 (1—9?)""p(#?) =0, V9e(0,1) = (t)=0, Vte(0,1)D (¥*1).

Therefore, the statistic T'(X) = X(y) is complete. O

Example 3.12. Let Xi,...,X,, ~ U(—¥,9) be a random sample with ¢ > 0. We
can easily show that the statistic T(X) = (X(1), X(n)) is sufficient for ¥. According

to note 3.8, we calculate that:

Fxo () = (zg)n (E+ 0" fx () = o (9 — )",

(29)"
_ v n—li _ n t v o 1 v n
Eq [X(0)] —/_ﬁn(t—i-é’) Syt - [(t—l—ﬂ) (219)"]_19 S /_6(t+19) dt
1 1 wil? 20
o )L =
Ey [X ]—/ﬁ (¥ — )"t ! dt——[(ﬁ—t)” ! r + : /0(19—t)”dt
9 1] — _ﬁn (219)11 - (219)71 L (219)71 L
1 1 wtl” 20
==~ G [ @0, =0

We observe that Ey [X(l) + X(n)] = 0V > 0, i.e. the statistic X(j) + X, is an
unbiased estimator of 0 which is a function of T'(X). According to note 3.6, the
statistic T(X) = (X(1), X(n)) is not complete. Alternatively, we let ¥; = |X;| for

1=1,2,...,n and calculate that:

Fy,(y) =P(|X1|<y)=P(—y < X1 <y) =P(X;1 <y) —P(X; < —y)

y+v —y+9 y
= F(y;9) — F(~y;9) = 50 " o = g y € (0,9),

ie. Y, = |X;| ~U(0,9) for i =1,2,...,n. According to example 3.5 (page 30), the
statistic 7*(X) = max{|X1|, ..., |Xy|} is also sufficient for . In the same manner as

in the previous example, we can show that the statistic 7*(X) is complete. ]

Theorem 3.2. (Complete Sufficiency in the Exponential Family) Suppose that the
distribution of the sample X belongs to the multivariate full exponential family with
f(x;9) = h(x)el@WTEN-A0) for ) € © C R® and = € S. Additionally, if the set
QO) = {QW) : ¥ € ©®} C R® contains a non-empty, open subset of R®, then the
statistic T'(X) is sufficient for ¥ and complete.

Proof. According to the proposition on sufficiency in the exponential family, we al-
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ready know that T'(X) is a sufficient statistic for 9. Without loss of generality, assume
that the distribution of the sample is continuous. According to the change of variables
formula, the PDF of T'(X) is given by fr(t) = r(t)e!Q@):0-nA0) for some function r.
Suppose that Ey[¢(T)] = 0 V¥ € ©. Then, we calculate that:

Eyg [o(T)] = / o(t)r(t)eQWN=rAO g — o = o(t)r(t)e” "N gt — 0.
S RS

The last integral is the s-dimensional two-sided Laplace transform of the function
o(t)r(t) evaluated at —Q(¥), which is injective on classes of almost surely equal
functions. The multidimensional two-sided Laplace transform of the zero function
is equal to 0. Since r(t) # 0 by the definition of the PDF of T'(X), it follows that
©(t) = 0 Vt € R®. Therefore, the statistic T'(X) is complete. O

Example 3.13. Let Xi,..., X, ~ N(91,92) be a random sample. According to
example 2.4 (page 21), the distribution of the random variables Xj, ..., X,, belongs
to the univariate exponential family. According to proposition 2.3 (page 22), the joint

distribution of the sample X belongs to the multivariate exponential family with the
following PDEF":

n

v 1 ndt n
Y — (/2 1 o 2 vy n
f(z;9) = (2m) exp { 9 E x; x; 5 log 192} ,

=1 i=1

¥ 1 n n
Q) = (ﬁ—w) . T(a) = <;g$> |

The dimension of the function T'(x) is equal to the dimension of the parameter (91, 92),
and the set Q(0) = {(%,—ﬁ) D (91,72) e R x (0,00)} =R x (—00,0) contains a
non-empty, open subset of R?. According to the complete sufficiency theorem in the
exponential family, the statistic T(X) = (31, X;, > | X?) is sufficient for (91, 9)

and complete. O

Example 3.14. Let X1,..., X, ~ N (19, 192) be a random sample with ¥ # 0. Accord-
ing to example 3.8 (page 31), the statistic T(X) = (31, X;, i, X?) is sufficient for
¥. Furthermore, we observe that T'(X) = (nY, (n—1)S% + ny2> =1 (X,5?). Ac-
cording to corollary 3.1 (page 29), we infer that the statistic 7*(X) = (X, S?) is also
sufficient for 9. According to proposition 3.1 (page 26), we know that Ey (52) = 12,
Additionally, we calculate that:

n
+1

oy 1 1
Ey (X°) = 0?40 =""—
n n

92 = Eﬁ<52n X2>:o, Vi £ 0,

i.e. there exist 2 unbiased estimators of the parametric function g(1J) = ¥? which are

both a function of T*(X). According to note 3.6, the statistic 7*(X) = (X, 5?) is not
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complete. We observe that the complete sufficiency theorem in the exponential family

doesn’t apply in this particular case, since this is a curved exponential family. ]

Note 3.10. To sum up, we have 2 methods at our disposal for checking whether a
statistic is complete: the definition (which requires knowledge of the distribution of
the statistic) and the complete sufficiency theorem in the exponential family (easy to
check whether its conditions hold). In table 3.2, we summarize the distributions of

some notable complete sufficient statistics.

Bernoulli(p) Bin(n, p)
Bin(N, p) with known N Bin(nN, p)
Geom(p) NegBin(n, p)
NegBin(N, p) with known N s X, NegBin(nN, p)
Poisson(A) = Poisson(n\)
Gamma(k, \) with known k Gamma(nk, \)
N (u,0%) with known o2 N (np,no?)
Exp(9)
Beta(1,1) -y log X; Gamma(n, )
Beta(1,9) — > log(1 — X;)

TABLE 3.2: Distributions of Notable Complete Sufficient Statistics

Note 3.11. (x? distribution with v degrees of freedom)
i. If X ~ x2 = Gamma (%, 3), then E(X) = v and Var(X) = 2v.
ii. If X ~ Gamma(k,?), then 20X ~ Gamma (k, 1) = x3,.

iii. If X ~ A, 02), then = ~ A7(0,1) and (%)2 ~ 2

2
iv. If X1,..., X, ~ N (u,02) are iid, then 7, (M) ~x2.

(e

—\2
v. If Xq,..., Xy ~ N(u,0?) are iid, then %52 =3, (Xi_X) ~xX2_5.

g

Note 3.12. If X1,...,X,, ~ N (1, 0?) are iid random variables, then it follows that:

E(”_152> =n—-1 = E(S?) =02

o2

2
ol.

Var (” 152> —2n—1) = Var($?) =

o2 n—1

Theorem 3.3. (Basu) Suppose that the statistic T'(X) is sufficient for ¢ and complete.
If A(X) is an ancillary statistic, then 7(X) and A(X) are independent.
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Proof. According to the law of iterated expectations, it follows that:
E[n(A(X))] = Eg [E (R(A(X)) | T(X))].

Note that E [A(A(X))] does not depend on the value of ¥ because the statistic A(X)
is ancillary, while E [h(A(X)) | T(X)] does not depend on the value of ¥ because we
are conditioning on the sufficient statistic 7'(X) for 9. Now, consider the following

function:

9(t) = E[h(A(X)) | T(X) = t] = E[n(A(X))].

Based on our previous argument, we know that Ey[¢(T)] = 0 V¥ € O. Since the
statistic T'(X) is complete, it follows that:

g(M) =0 = E[RAX))|T(X)]= ERAX)).

Since the function h was arbitrary, we deduce that 7'(X) and A(X) are mutually
independent. ]

Note 3.13. A well-known application of Basu’s theorem lies in proving the indepen-
dence of the statistics X and S? if the random variables X1,..., X, ~ N (,u, 02) are
iid. In fact, the independence of the sample mean and the sample variance charac-
terizes the normal distribution - no other distribution has this property. We fix 2.
Then, we know that the statistic X is sufficient for x4 and complete. We also know
that "7_2152 ~ X%—p i.e. 52 is an ancillary statistic. According to Basu’s theorem, it
follows that the statistics X and S? are independent. O

Definition 3.10. i. The statistic R(X) = X(,,) — X(1) is called the sample range.

.. - X+ X,
ii. The statistic M (X) = %

is called the sample midpoint.
Example 3.15. Let X,..., X, ~ N (u, 02) be a random sample. We want to show

that the statistics (X, S?) and A(X) = % are independent. We know that the

statistic T(X) = (Y, 52) is sufficient for ¥ = (u,a2) and complete. Furthermore,
we let Z; = Xi;“ ~ N(0,1) for i = 1,2,...,n, so it follows that X = 0Z + p and
Xy =024 +pfori=1,2,...,n. We calculate that:

R(X)=0Zmy+u—[0Za)+u] =0 [Zw) — Z)],

n n
1 2

SX) = ==Y [oZi+u—(0Z+pn)]" = =Y (2-2)",
i=1 i=1
A(X) = Zm) — Z()

— 2,
ﬁZ?:l (Zi - Z)
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i.e. the statistic A(X) is ancillary. According to Basu’s theorem, it follows that the
statistics (X, 5?) and A(X) are independent. O

Example 3.16. Let X;,..., X, ~U(9¥,9 + 1) be a random sample with J € R. We
want to show that the statistic T(X) = (R, M) is sufficient for ¢ but not complete.
According to example 3.6 (page 31), the statistic 7*(X) = (X(1), X)) is sufficient
for 9. Additionally, we observe that 7%(X) = (%, %) =1 (R, M). According
to corollary 3.1 (page 29), we infer that the statistic T'(X) = (R, M) is also sufficient
for ¥. Furthermore, we let U; = X; — 9 ~U(0,1) for i = 1,2,...,n, so it follows that
Xiy=Uu +9fori=1,2,...,n. We calculate that:

R(X) = X(n) — X) = Uy +9 = [Ugy +9] = Uy — Uy,

i.e. the statistic R(X) is ancillary. According to Basu’s theorem, it follows that the
statistic T'(X) = (R, M) is not complete, since it’s not independent of the ancillary
statistic R(X). O

Note 3.14. While the statistic R(X) is ancillary, it’s sufficient for ¥ in conjunction
with the statistic M(X). In other words, while it doesn’t by itself contain any in-
formation for the value of ¥, in conjunction with some other statistic it provides
information about the precision with which we can estimate /. For example, if we
observe the value m = 2 for the statistic M (X), then it follows that ¥ must lie on
[1,2]. If we also observe the value r = 1 for the statistic R(X), then we calculate
that ;) = 1.5 and z(,) = 2.5, which implies that ¢ must be equal to 1.5 € 1,2].
If we instead observe r = 0.5, then z(;) = 1.75 and x(,) = 2.25, so ¢ must lie on
[1.25,1.75] C [1,2]. However, if we only observe some value r, we obviously cannot

draw any conclusion about the value of 9.

3.6* Minimal Sufficiency

Definition 3.11. A statistic T(X) is called minimal sufficient for the unknown
parameter ¥ if it’s sufficient for ¥ and for every other sufficient statistic 7*(X) of ¢
there exists a function ¢ such that T'(X) = ¢ (T%).

Interpretation: A minimal sufficient statistic for ¢ is a function of every other
sufficient statistic of ¥, so it concentrates all the information that a sample holds
about ¥ as efficiently as possible. For example, the sample itself is always a sufficient
statistic for any unknown parameter ¢, but it’s usually possible to summarize the

information that the sample contains about ¥ much more efficiently than that.

Proposition 3.4. If the statistic 7'(X) is minimal sufficient for ¥ and T(X) = ¢ (T™)

for some injective function v, then 7 (X) is also minimal sufficient for 9.
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Proof. First, note that the statistic 7*(X) is sufficient for 9 according to corollary
3.1 (page 29). Suppose that V(X) is another sufficient statistic for 9. According to
the definition of minimal sufficiency, there exists a function ¢ such that T = ¢ (V).
Since the function 1 is invertible, we get that T = (¢_1 o cp) (V). Since the sufficient
statistic 7%(X) for ¥ is a function of any other arbitrary sufficient statistic V' (X) for

¥, we conclude that it is a minimal sufficient statistic for . ]

Theorem 3.4. If a minimal sufficient statistic for ¥ exists, then any statistic which

is sufficient for ¥ and complete is minimal sufficient for 1.

Proof. Consider a statistic T'(X) which is sufficient for ¥ and complete, a statistic
M (X)) which is minimal sufficient for ¢ and let ¢ (T(X)) =T(X)— E [T(X) | M(X)].
Note that E [T'(X) | M(X)] does not depend on the value of ¥} since we are condition-
ing on the sufficient statistic M (X)) for J. Suppose that Ey[g(T)] =0 V9 € ©. Since
the statistic 7'(X) is complete, it follows that:

gI)=0 = T(X)=E[I(X)|MX).
w(M)

Since M(X) is a minimal sufficient statistic for ¢, we conclude that 7'(X) is also

minimal sufficient statistic for ¢ according to the previous proposition. O

Note 3.15. The converse is generally not true, i.e. a minimal sufficient statistic for

9 isn’t necessarily complete.

Theorem 3.5. Let X be a sample with joint PMF or PDF f(z;9). For a given
z € R" welet O, = {9 €0O: f(z;9)} C O be the subset of the parameter space
under which it’s possible to observe the sample x. Suppose that there exists some

statistic T'(X) such that Vz,y € S the following equivalency holds:

T(z)=T(y) < ©,=06, and = h(x,y),
where h is a non-negative function which doesn’t depend on the value of ¢ € O,.

Then, the statistic 7'(X) is minimal sufficient for ¥.

Proof. Let Ay ={z € R" : T(z) =t} and x; € A;. For any sample point z € R", we

notice that 7' (zp(,)) = T(x). By assumption, it follows that ©, = © and the
f(@:9)
Far@)

TT(z)

ratio

that:

= h(z) does not depend on the value of ¥ € ©,. Then, we observe

_f@d) ) — bl (Tl
Flory9) L F10i9) = h(@)g (T(@),0).
9(T(x),9)

fla;0) =
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According to the Fisher - Neyman factorization criterion, the statistic 7'(X) is suf-
ficient for . Now, suppose that T%(X) is another sufficient statistic for 1), which
implies that f(z;9) = ¢* (T*(x), ) h*(x) for some functions ¢g*, h*. If T*(z) = T*(y),
then it follows that:

S (T*(x),9) h*(z)  h*(x)
“(T*(y),9) h*(y)  h*(y)’

_9
g

which does not depend on the value of 9. Furthermore, we notice that:

O, ={0€0: f(x;9) >0} ={de€O:¢"(T"(x),9) >0}
={0e0:¢"(T"(y),Y) >0} ={0€0O: f(y;9) >0} =0,.
By assumption, it follows that T'(z) = T(y). Since T*(z) = T*(y) implies that
T(x) = T(y) for any arbitrary sample points z,y € R", we deduce that T'(X) is a
function of T*(X). Since the sufficient statistic 7'(X) for ¢ is a function of any other

arbitrary sufficient statistic 7%(X) for 9, we conclude that it is a minimal sufficient

statistic for . O

Example 3.17. Let Xi,..., X, ~ N(J,9) be a random sample with 9 > 0. We
observe that O, = (0,00) doesn’t depend on the observed sample z € R". We

calculate that:

- 1 & ny
_ —n/2,9-—n/2 o 2 _
= (2m) 0 exp {ZE_I i~ 55 ZE_I T — 5 }
_ 1 &
_ —n/2,9-n/2 —nd/2 _nT - 2
= (2n) v " %e e"* exp { 59 El x; } ,

Let T(X) = >, X2. For z,y € R", we observe that:

f(x;9) 77
T@)=T@) & Hod) =D,
fy; )
which is constant with respect to ¥. Therefore, T(X) = > I X? is a minimal
sufficient statistic for . O

Example 3.18. Let X1,..., X, ~ /\/(19,192) be a random sample with 9 > 0. We
observe that ©, = (0, 00) doesn’t depend on the observed sample x € R™. According
to example 3.8 (page 31), we know that:

1 ¢ 1O
. _ —n/2.9—n . 2
f(x;9) = (2me) ™20 exp {19 ;_1 i~ 55 ;_1 x; } ,
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Let T(X) = (31, X4, >y X?). For z,y € R™, we observe that:

which is constant with respect to ©J. Therefore, T(X) = (>0 | X;, >0 | X?) is a

minimal sufficient statistic for 9. O

Example 3.19. Let X,..., X, ~ Laplace(u,\) be a random sample with p € R,
known A > 0 and f(z;p) = 3¢ Ne7#l for 2 € R. We observe that ©, = R doesn’t
depend on the observed sample x € R". We calculate that:

flasp) = (;)nexp {—Ag |z —u!} = (;)nexp{—kg |z — u\}-

Let T'(X) = (X(l),X(z), cee X(n)). For x,y € R™, we observe that:

which is constant with respect to p. Therefore, T(X) = (X(l),X(Q), e ,X(n)) is a

minimal sufficient statistic for pu. O

Example 3.20. Let Xi,..., X, ~ Pareto(k,)\) be a random sample with & > 0,
known A > 0 and f(z; k) = ;‘AL:l for # > k. We observe that ©, = (0,2(;)] depends

on the observed sample = € (0,00)". We calculate that:

Faik) = NE [ 27 o) (20)) -
=1

Let T'(X) = X(y). For z,y € (0,00)", we observe that:

T(x)=Ty) < ©,=06, and — =1,

which is constant with respect to k € (07 33(1)}. Therefore, T(X) = X(1) is a minimal
sufficient statistic for k. O

Example 3.21. Let Xi,...,X,, ~ Pareto(k,\) be a random sample with & > 0,
A > 0and f(x;k,\) = ;‘A% for x > k. We observe that ©, = (0,3:(1)] x (0,00)

depends on the observed sample z € (0,00)". We calculate that:

flx;0) = A A exp {—()\ +1) Zlog 1}1} ]l[k,oo) (1‘(1)) .

i=1
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Let T(X) = (31 log X;, X(1y). For z,y € (0,00)", we observe that:

Tx)=T(y) <« ©6,=0, and =1,

which is constant with respect to (k, \) € (0, x(l)] x (0,00). Therefore, the statistic
T(X) = (>0 log Xi, X(1)) is minimal sufficient for ¢ = (k, A). O

Example 3.22. Let X;,..., X,, ~U(Y¥,9 + 1) be a random sample with J € R. We
observe that ©, = [x(n) -1, x(l)] depends on the observed sample € R"™. According
to example 3.6 (page 31), we know that:

f(@:9) =Ly g1y (2)) Lo 41 () -

Let T(X) = (X(l), X(n)). For z,y € R™, we observe that:

T(x)=T(y) < ©,=06, and

which is constant with respect to ¢ € [x(n) -1, x(l)]. Therefore, T(X) = (X(l), X(n))

is a minimal sufficient statistic for 1. O

3.7 Uniformly Minimum-Variance Unbiased Estimators

Definition 3.12. A statistic (X)) is called a uniformly minimum-variance unbiased
estimator (UMVUE) of the parametric function g(19) if it’s an unbiased estimator of
g(9¥) with finite variance and for every other unbiased estimator V(X)) of g(¢) it holds
that Vary [0(X)] < Vary [V(X)] VI € ©.

Theorem 3.6. Let Uy = {U(X) : Ey[U(X)] =0 and Ey [U*(X)] < co V¥ € O} be
the class of unbiased estimators of 0 with finite variance and 6(X) be an unbiased
estimator of g(¢) with finite variance. Then, the statistic §(X) is a UMVUE of g(¢¥)
if and only if Covy [6(X),U(X)] =0 V¥ € © and YU (X) € Up.

Proof. First, suppose that 6(X) is a UMVUE of ¢g(9). Let U(X) € Uy and consider
the estimator 6*(X) = 6(X) + AU(X) of g(9) for A € R. Then, we observe that:

Ey [0°(X)] = Ey [6(X)] + AEy [U(X)] = g(9),

so 0*(X) is an unbiased estimator of g(¢#). Since 6(X) is a UMVUE of g(¥), it follows
that:

Vary [§(X)] < Varg [0*(X)] = Varg [6(X)] + A\ Vary [U(X)] + 2ACovy [§(X), U(X)],
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which implies that A\2Vary [U(X)] + 2ACovy [0(X),U(X)] > 0 VA € R. For this
condition to be satisfied, the determinant of this quadratic equation with respect to
A must be non-positive, i.e. [2Covy (§(X),U(X))]* < 0 V0 € O, which implies that
Covy[d(X),U(X)] =0 V¥ € O.

Conversely, suppose that Covy [6(X),U(X)] =0 VY € © and YU (X) € Up. Con-
sider an unbiased estimator §*(X) of g(J). Then, we note that Ey [6(X) — §*(X)] = 0,
which implies that §(X) — 6*(X) € Up. By assumption and use of the covariance in-
equality, we deduce that:

Covg [(X),8(X) — 0*(X)] =0 = Vary [6(X)] = Covy [5(X),5"(X)] =

[Varg (6(X))]? = [Covg (6(X),6*(X))]* < Varg [6(X)] Vary [6*(X)] =
Varig [5(X)] § Varﬂ [(V(X)] .

Since §* was an arbitrary unbiased estimator of g(¢#), we conclude that the statistic
d(X) is a UMVUE of ¢(9). O

Corollary 3.2. Let U(X) € Up and V(X)) be an unbiased estimator of the parametric

function g(¥) with finite variance. If the constant ¢ = W # 0 doesn’t

depend on the value of ¥, then V*(X) = V(X) —cU(X) is also an unbiased estimator
of g(¥) and it holds that Vary [V*(X)] < Vary [V (X)] V0 € ©.

Proof. First, we observe that:
Ey[V*(X)] = E[V(X)] — cEy[U(X)] = g(9),
which implies that V*(X) is an unbiased estimator of g(¢). Then, we calculate that:

Vary [V*(X)] = Vary [V(X) — cU(X)]
= Vary [V(X)] + ¢*Vary [U(X)

—

— 2¢Covy [V(X),U(X)]

B Cov3 [V(X),U(X)] Cov2 [V(X),U(X)]

= Vary [V (X)) + = - o] Varg U(X)]
OV2

= Vary [V(X)] — C {’}iz(é{])(ggx)] < Vary [V (X)]

Note 3.16. This result is often used in Monte Carlo simulation as a variance reduc-

tion technique and referred to as the control variates method.

Corollary 3.3. If there exists a UMVUE for a parametric function g(¢), then it is

unique.



46 CHAPTER 3. POINT ESTIMATION

Proof. Suppose 61(X) and d2(X) are 2 different UMVUEs of g(J). Then, it follows
that 01(X) — 02(X) € Uy. According to the previous theorem, we infer that:

Covy [01(X),01(X) — 62(X)] = Covy [62(X),01(X) — 02(X)] =0 =

Varqg [(51 (X)] = Varﬂ [(52(X)] = COVﬂ [(51 (X), (52(X)] =

_ Covy [01(X), 02(X)] _
Corry [d1(X), 02(X)] = v/ Vary [61(X)] Vary [62(X)] -

Hence, there exist constants co € R and ¢; > 0 such that §;(X) 2 ¢ + c102(X).
Since it holds that Vary [01(X)] = Vary [02(X)], we infer that ¢ = 1, which implies
that ¢; = 1. Furthermore, since it holds that Ey [01(X)] = Ey [02(X)], it follows that
co = 0. Therefore, we conclude that §;(X) % 6o(X). Since any 2 arbitrary UMV UEs
of g(9¥) must be almost surely equal to each other, we conclude that the UMVUE of
g(¥) is unique, provided that it exists. O

Corollary 3.4. If the statistics 61 (X), ..., 04(X) are the UMVUEs of the parametric
functions g1 (¥), . .., g4(?) respectively, then the statistic §(X) = Z;l:l c;0;(X) is the
UMVUE of the parametric function g(v) = Z;-lzl cjg;i (V).
Proof. First, we observe that:
d
By [6(X)] = By [6;(X)] =D cjg; () = g(9),

J=1 J=1

so §(X) is an unbiased estimator of g(}). Now, let U(X) € Uy. According to the

previous theorem and the linearity of the covariance operator, we get that:
d d
Covy [6(X),U(X)] = ¢;Covy [6;(X),U(X)] =D ¢;-0=0.
j=1 j=1

Since the unbiased estimator §(X) of g(¥) = Z?:l ¢jgj (1) is uncorrelated with any
arbitrary unbiased estimator 0, we conclude that it is the UMVUE of the parametric
function g(¥). O

Theorem 3.7. (Rao - Blackwell) Let V(X)) be an unbiased estimator of the paramet-
ric function g(¢J) with finite variance and T'(X) be a sufficient statistic for ©. Then,
the statistic V*(X) = E[V(X) | T(X)] is also an unbiased estimator of g(J) and it
holds that Vary [V*(X)] < Vary [V(X)] V0 € ©.

Proof. According to the law of iterated expectations, we calculate that:

Ey [V (X)] = Ey [E (V(X) | T(X))] = Eg [V(X)] = g(9).
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According to Jensen’s inequality and the law of iterated expectations, we calculate

that:

Vary [V*(X)] = Ey |(V*(X) = 9)?] = By |(E(V(X) | (X)) - 9)°]
=Ky [(E (V(X) =9 | T(X)))Q} < Ey {E ((V(X) —0)? | T(X))]

=By [(V(X) = 9)*] = Vary [V(X)].
O

Theorem 3.8. (Lehmann - Scheffé) Let V(X)) be an unbiased estimator of the para-
metric function g(¥) with finite variance. If the statistic 7'(X) is sufficient for ¢ and
complete, then the statistic 6(X) = E[V(X) | T(X)] is the UMVUE of g(?).

Proof. Suppose that there exists some unbiased estimator §*(X) of g(¢) such that
Vary [6*(X)] < Varyg [0(X)] for some ¥ € ©. Let V*(X) =E[0*(X) | T(X)]. Accord-
ing to the Rao - Blackwell theorem, the statistic V*(X) is an unbiased estimator of
g(9¥) with Vary [V*(X)] < Vary [0*(X)]. Then, we observe that:

0= Ey [V*(X) — 5(X)] = By [E(5"(X) — V(X) | T(X))].

Since the statistic 7'(X) is complete, it follows that E[§*(X) — V(X) | T(X)] = 0,
which implies that V*(X) %2 §(X). Hence, we deduce that:

Vary [6(X)] = Vary [V*(X)] < Vary [0*(X)] < Vary [0(X)],

which is a contradiction. Since no other unbiased estimator of g(¢) can achieve smaller
variance than that of 6(X) at any arbitrary parameter value 9 € ©, we conclude that
(X)=E[V(X) | T(X)] is the UMVUE of g(¢9). O]

Corollary 3.5. Suppose that the statistic T'(X) is sufficient for ¢ and complete. If
it holds that Ey [¢(T)] = g(99) for some function 1, then the statistic 6(X) = (7)) is
the UMVUE of the parametric function g(9).

Proof. According to the Lehmann - Scheffé theorem, we know that the statistic
0(X) = E[(T) | T(X)] is the UMVUE of g(J). By the properties of conditional
expectation, we also know that E [¢(T) | T(X)] = ¢(T). Therefore, we conclude that
0(X) = (T) is the UMVUE of g(9). O

Note 3.17. To sum up, in order to calculate the UMVUE of a parametric function
g(0), we first need to find a statistic 7'(X) which is sufficient for ¢ and complete.

Then, we have 2 methods at our disposal:
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i. If we can determine any unbiased estimator V(X)) of g(¢) and it’s easy to calculate
the conditional expectation ¢ (t) = Ey [V(X) | T = t], then the statistic ¢(T) is
the UMVUE of ¢g(¢) according to the Lehmann - Scheffé theorem. However,

finding any unbiased estimator of g(1}) is not always a trivial task.

ii. If we can determine a function ¢ of T(X) such that Ey [¢(T)] = co + c19(9),
then 6(X) = %{CO is the UMVUE of g(¢) according to the previous corollary.

However, finding such a function v is also not always a trivial task.

Example 3.23. Let Xi,..., X, ~ Bernoulli(p) be a random sample. We want to
find the UMVUEs of the parametric functions g1(p) = p? and g2(p) = p(1 — p). We
know that the statistic T'(X) = > ; X; ~ Bin(n, p) is sufficient for p and complete.
We calculate that:

E (TQ) = Var(T) + []E(T)]2 =np(1 — p) + (np)? = np — np* + n?p?

=E(T)+n(n—1)p* = E ﬁ;g;:ll))} = p?

According to corollary 3.5, 11 (T) = ZEZ;I)) is the UMVUE of g1(p). We observe that:

E (TQ) =np(l —p)+ n?p? — n’p+n’p = np(l —p) — nzp(l —p)+nE(T) =

E(nT —T%) =n(n—1)p(l—p) = E[T

n
According to corollary 3.5, the statistic ¢2(T") = Z((Z:T)

is the UMVUE of g2(p). O

Example 3.24. Let X1,..., X,, ~ Exp(\) be a random sample. We want to find the
UMVUE:s of the parametric function g(\)
(page 35), we know that the statistic T(X) = Y | X; ~ Gamma(n, \) is sufficient

= % and A. According to example 3.10

for A and complete. We calculate that:

A2

E (T?) = Var(T) + [E(T)]?

n n? T2 1
BPYAIDY:

_ i e —
* n(n+1)

According to corollary 3.5, ¢1(T') = n(%il) is the UMVUE of g(\). Next, we calculate
that:

1 oo 1 n n [ee)
E(= :/ 1A 2" e My = A / 2" 2e Ay
T 0 z(n—1)! (n—1)!Jo

A" (n—=2)! A n—1
= = E =
-1l At -1 ( T >

According to corollary 3.5, the statistic ¢2(7) = 2= is the UMVUE of . O

Example 3.25. Let X1,..., X, ~ N (u,0?) be a random sample with known 2. We
want to find the UMVUE of the parametric function g(u) = et for t € R. We know
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that the statistic 7'(X) = X is sufficient for 4 and complete. We also know that:

1
My, (t) =E (") = exp {ut + 202t2} ,

i) = & (%) = [[ s 0/m) = ot e/l = exp ot + 2]
=1

— 1
E <exp {tX — 02t2}> = eMt,
2n

According to corollary 3.5, 9(X) = exp {ty — %029} is the UMVUE of g(u). O

Example 3.26. Let X1,..., X, ~ N(p,0?) be arandom sample. We want to find the
UMVUEs of the parametric functions g; (i1, 02%) = 0% and go(u1,0%) = p?. According
to example 3.13 (page 37), we know that the statistic T'(X) = (Y, S 2) is sufficient for
¥ = (1, 0?) and complete. According to proposition 3.1 (page 26), we also know that
E(S?) = o%. Hence, the statistic ¢ (X, 5?) = 52 is the UMVUE of g; (¢) according

to corollary 3.5. Next, we calculate that:
2 — -2 1 9 9 -2 1 9 9
E(X):Var(x)+[E(X)] =~ > E(X'--8) =2

According to corollary 3.5, 1o (Y, S 2) —X - %52 is the UMVUE of g9 (¢). O

Example 3.27. Let Xi,..., X, ~ U(0,9) be a random sample. If the function
g : (0,00) — R is differentiable, we want to find the UMVUE of the parametric
function g(¥). We know that T'(X) = X, is sufficient for ¥ and complete. For

t € (0,7), we calculate that:
n

fX(n) (t) - gn

Suppose that Ey[¢)(T)] = g(9) ¥ > 0. Then, we calculate that:

L

9 no [0
|t wta = 5 [T wma=gw) -
w [ = @) = ) =) ) =
0

P(9) = g(9) + gg'(ﬂ), Vi € (0,00) 2 (0,9).

According to corollary 3.5, ¥(T') = g(T) + L¢/(T) is the UMVUE of g(¥). O

Example 3.28. Let Xi,..., X, ~ Poisson(\) be a random sample. We want to
find the UMVUEs of g1(\) = Ae™, ga(A) = e and g3(\) = M for k < n. We
know that T'(X) = Y. | X; ~ Poisson(]\) is sufficient for A and complete. Then, we
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observe that:
E[lgy(X1)] =P(X1=k) == = E[kl(X1)] = e\

Thus, V1(X) = k!, (X1) is an unbiased estimator of g1()\). For t =k, k+1,..., we

calculate that:

EWVL|T=1t)=E (kMg (X1) |T=t) =kP(X1=k|T=1)
CEP(X =k Xi=t)  KP(Xy =k Y, Xi=t—k)
N P (Z?:l X;=t) B P (Z?:l X;=t)
CKPX = R)P (X, X =t — k)
- P (i) Xi =1)
Kle X /- e~ (=DM [(n — D)A]F /(8 — k)
B e~ "M (nA)t/t!

() (-3

Therefore, the statistic 1 (T) = (T%'k), (%)k (1 - %)Tﬁk Lig kq1,..3(T) is the UMVUE

of g1(\) according to the Lehmann - Scheffé theorem. Next, we observe that:

E [1(0)(X1) - 110y (X3)] = P(X1 =0,..., X}, = 0) = [P(X; = 0)]F = e,

Hence, the statistic V2(X) = 14y (X1) - - L{03(X) is an unbiased estimator of ga(A).

For k < n, we calculate that:

E(Va | T=1t)=P(X;=0,....,Xp=0|T =1t
B P (X :O,...,Xk:(),Z?ZlXi:t)
P(yi Xi=1)
CP(X1=0)- P(Xp = 0)P (X0, Xi =)
P(Z?:lXi:t)

B e Fre=(=RA [(n — E)AT" /¢! B E\'
= P NINDLL = (1 - n) '

According to the Lehmann - Scheffé theorem, the statistic ¢9(T) = (1 — %)T is the
UMVUE of g2(\). Now, suppose that Ey [3(T)] = g3(A) YA > 0. Then, we calculate
that:

> () — n'ts(t) ~\E.nA
21/13(75)6 T =\ = Ziﬂ A= e =
t=0 t=0
—n'Ps(t) \p  pe (0! — n'1s(t) — n'
— )\t — 7)\t+k:

0 nt¢3(t) e nt—k
= P\

¢! 2. T T
t=0 t=k
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ntis(t) 0, t=0,1,....k—1 0, t=0,1,...,k—1
t! - t—k = Y3(t) = N .
! T t=kk+1,.. (Wi, t=kk+1,...

According to corollary 3.5, ¢3(T) = (g)%ﬂ{k,kﬂ,m y(T') is the UMVUE of g3(A). O

Note 3.18. If X1,..., X, ~ Poisson()) are iid, then (X7 | Yi"; X; =) ~ Bin (¢, 1)
independently of the value A.

3.8 Cramér - Rao Inequality

Definition 3.13. i. The function Sx () = 5,79 log f(X; ) is called the score func-

tion of the sample X for the parameter .

ii. The parametric function Zy (9) = Ey [S% (9)] is called the Fisher information of
the sample X for the parameter 9.

Proposition 3.5. i If Xi,..., X, are independent, then Sx(¥) = >_"" ;| Sx, (V).

ii. If g(n) = 9 is a continuously differentiable function, Zx (1) = Zx (9(n)) [¢'(n)]*.

Proof. i. We observe that:
Sx(¥) = 1ong Xi;0) = Zlogf (Xi59)

= Z —logf (X5 0) = ZSXZ.(ﬁ)
i=1

ii. According to the chain rule, we calculate that:

- | (s |

—Ey [((% log (X mﬂ (5) = T gl [ )]

2
Ix(n) =E,[S%(n)] =E, [<aan log f(X;n))

O

Regularity Conditions: Without loss of generality, assume that the distribution of
the sample is continuous with joint PDF f(x;¢) for 9 € © C R and z € S. We define

the following regularity conditions:
I. The parameter space © is an open subset of R.
II. The support S = {z € R": f(z;9) > 0} doesn’t depend on the value of 9.

III. a%f(x;ﬁ) < oo Vx e S and Vi € 0.
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IV. fsaﬂfx 19)da:—819f5 z;0)dr =0V € O.
V. Zx(9) € (0,00) VI € O.
Proposition 3.6. Suppose that the following regularity conditions are satisfied:
VL %f(a:;ﬁ) < oo Vz e Sand Ve 0.
VIL [o 2 f(a;90)de = 25 [ f(w;9)de =0 W0 € ©.
Then, it follows that:

o 2

o

Ix(9) = —Eg [ .

sx(m] — K, [ O Jog /(X z?)]

Proof. According to integration by parts, we calculate that:

32
E, [awlong 19] /fx 9) Wlogf(x ﬁdx_/fx 0) 555 (0)da
d
= [ |35 018000 = 8000 3 i) |
where S, (¥) = 819 9 Jog f(x;09) = (mg aﬁf(ac ) is the score function. According to

regularity condition VII, we calculate that:

[ iswnsonas = [ 2w as

2 2
- [ gl =55

Finally, we conclude that:

82
—E19|:819210ng19:| /S 879 f(z;9)dx

= [ Seosa) ( 555l e
/S Ex log f(x;9)dx

— [ fas) [59 logf(as;mrdx

_E, [(gglog FX: 79))2

=Ey [SX(9)] = Zx(9).

O]

Proposition 3.7. Let X be a sample which satisfies the regularity conditions I-V.
i. It holds that E[Sx (9)] = 0 and Vary [Sx (9)] = Ey [S%(¥)] = Zx () VI € ©.

ii. If Xy,..., X, are independent, then Zx (9) = >""" | Zx,(0).
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iii. If Xq,..., X, are iid, then Ix(ﬁ) =nTlx, (’19)

Proof. i. According to regularity condition IV, we calculate that:

— [ oS0z = / f (2 9) 3 o f ()
S

:/Sf(;z; /a& :xz?d:v—aﬁ/fxﬁ

Hence, we infer that:

Varg [Sx ()] = Ey [S%(9)] — [Ey (Sx (9))]* = By [SX(9)] = Zx(9).
ii. Since the random variables X1, X, ..., X,, are independent, it follows that:

Ix (V) = Vary [Sx (¥)] = Vary

> Sx (z?)] =) Varg [Sx,(9)] = Y Ix, (9)
i=1 =1

=1

iii. Since the random variables X1, Xo, ..., X,, are iid, it follows that:
Ix,(0) =Ix,(¥) = - =Ix,(9) = Ix(¥)=> Ix,(0) =nIx, ().

O]

Theorem 3.9. (Cramér - Rao Inequality) Let X be a sample with joint PDF f(z;)
for 9 € ® C R and « € S which satisfies the regularity conditions I-V. Suppose
that the statistic 7'(X) is an estimator of g(1J) with finite variance which satisfies the

following regularity condition:

VI [(T(2)& f(z;9)de = &5 [ T(z) f(z;9)de = ZEy [T(X)] V0 € O,

where Ey [T'(X)] = g(9) + biasg(y) [T(X)]. Then, it follows that:

Vary |[T'(X)] = L aE T(X i Vi € O
oo [TC0] > s | o )] voce

Proof. By making use of the regularity conditions VII and IV, we calculate that:

5B [T00)] = 55 [ T@)f(as)de = [ T(0) 35 (i 0)da

- [ >f<m9>f(1 )(%

/ F(as DYT () 5 og f(a: 0)de = By [T(X)Sx(9)

= Covy [T(X), Sx ()] + Ey [T(X)] Eg [Sx (9)] = Covy [T(X), Sx (9],

J(;9)de
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where Ey [Sx (9)] = 0 according to the previous proposition. By making use of the

covariance inequality, we deduce that:

2
530 [TCO1]| = [Cov (1), Sx (0)

< Vary [T'(X)] Vary [Sx (9)] = Vary [T(X)] Zx (9),

where Vary [Sx (¥)] = Zx(¥) according to the previous proposition. Therefore, we
conclude that:

1 B 2
Vo [T00)] > - {wm [T(X)@ |

O]

Corollary 3.6. If the statistic 7'(X) is an unbiased estimator of the parametric
function g(¥), then it follows that:

/ 2
Varg [T(X)] > [;)51(939]) , Yee.

Proof. If T(X) is an unbiased estimator of g(1}), then %Eg [T(X)] = ¢'(9), so the

desired result follows immediately from the Cramér - Rao inequality. O

Definition 3.14. i. An unbiased estimator T'(X) of the parametric function g(¢)
which achieves the Cramér - Rao lower bound, i.e. for which it holds that:
2
lg' ()]

Vary [T(X)] = Tx(W) Vi € 0,

is called an efficient estimator of g(¥).

ii. Let T'(X) be an unbiased estimator of the parametric function g(¢). The following

ratio:
lg' ()] /Zx (9)
Vary [T'(X)]

is called the efficiency of T'(X) with respect to g(¥).

eqo) [T(X)] = e [0, 1].

g(

Note 3.19. We observe that the statistic T'(X) is an efficient estimator of g(9) if
and only if ey [T(X)] = 1 V¥ € ©. If T(X) is an efficient estimator of g(¢J), then
it’s also the unique UMVUE of g(d). The converse is generally not true. If 7'(X) is
the UMVUE of g(1), it’s not necessarily an efficient estimator of g(¢#), i.e. it doesn’t
necessarily achieve the Cramér - Rao lower bound. In this case, it follows that there

doesn’t exist any efficient estimator of g(¢).

Proposition 3.8. A statistic 7'(X) is an efficient estimator of g(¢) if and only if there
exists a function k(¢) # 0 such that Sx () = k() [T(X) — g(9)] V9 € O. Then, it
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holds that k(9) = X0

Proof. We know that T'(X) is an efficient estimator of g(¢) if and only if it’s an unbi-
ased estimator of g(1#) and it achieves the Cramér - Rao lower bound. Furthermore, we
know that 7'(X) achieves the Cramér - Rao lower bound if and only if the covariance
inequality invoked in the proof of the Cramér - Rao inequality holds as an equality
Vi € ©. We also know that the covariance inequality holds as an equality if and only
if there exist functions co(¥) and ¢1(¥) # 0 such that T'(X) = co(V) + c1(9)Sx (9)
Vi € ©. Then, we calculate that:

0= h(9) + A D)Sx () +r(0) SoSx (D) =

/) + 4B Sx ()] + a0)Bo | 7oSx ()| =0 = a(9) = 2
Therefore, we conclude that:
100 =90+ L0500) o 5x0) = 2 (10x) - g00)
k(9)

Proposition 3.9. Suppose that the distribution of the sample X belongs to the one-
parameter multivariate exponential family with f(z;9) = h(x)eQ@T@)=AW) If the
parameter space © is an open subset of R and the function @) : ® — R is continuously
differentiable with Q’(¢) # 0 Vi € O, then all of the regularity conditions are satisfied.
Additionally, the statistic T'(X) is an efficient estimator of the parametric function
g(v) = %. In fact, an efficient estimator of hA(9) exists if and only if the distribution
of the sample belongs to the exponential family and the parametric function h(?}) is

of the form h(9) = ¢p + c19(¢¥) for some constants ¢y € R, ¢; # 0.

Proof. Regularity conditions I and II are satisfied by assumption. The rest of the
regularity conditions can be shown to be satisfied by suitable application of the dom-

inated convergence theorem. Then, we calculate that:

Sx(1) = 10w £X: ) = Q)T(X) = ) = Qo) |10x) - .

Q'(V)
According to the previous proposition, it follows that the statistic 7'(X) is an efficient
estimator of g(d) = %. According to the proof of the previous proposition, we

know that T'(X) is an efficient estimator of g(+J) if and only if there exist functions
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co(¥) and ¢1 () # 0 such that Sx (V) = co(V)+c1(9)T(X) VI € ©. Then, we calculate
that:

log f(X:10) = T(X) / e (9)dd + / o@)dd <
C1(9)+A1(X)  Co(¥)+Ao(X)
Fla;9) = Ao(z)+A1(2)T(z) Cr(9)T(2)+C2(d)
h(zx)

Therefore, T'(X) is an efficient estimator of g(?) if and only if the distribution of the

sample belongs to the exponential family of distributions with Q(¢) = C1(¢) and
A(9) = —Co(0). O

Example 3.29. Let Xi,...,X,, ~ Bernoulli(p) be a random sample. We calculate
that:

log f(2;p) = longleogl— (n—zxz>,

=1

Sx(p) = aalongp ZX—(n—ZX)
1 n _
~p(1—p) (;Xinp>:p(1— (X =r),

where k(p) = ﬁ # 0 Vp € (0,1). According to proposition 3.8, the statistic

T(X) = X is an efficient estimator of the parametric function g(p) = p. Alternatively,
we observe that the parameter space ©® = (0,1) is an open subset of R and the

distribution of the sample X belongs to the exponential family with joint PMF:

f(z;p) = exp{n[logp— log(1 —p)]T —nlog 1 1p}’

where T'(z) = 7, Q(p) = n[logp —log(l —p)] and A(p) = nlog l—ip. We calculate
that:

n n n n
-+ = 07 A/p = 9
p l—p p(l—p)7é ®) 1—p

so all regularity conditions are satisfied. According to proposition 3.9, T(X) = X is

an efficient estimator of g(p) = SIEP; = p. Alternatively, we calculate that:

62 1 - 1 Y
gz e/ (Xip) = =5 2 Xi—g— s |\n- 2 X
gz 08 [(X5p) = = > (1-p)? < ; )

i=1

Ix(p)z—E[aanongp] Z; [ ZE ]

np n—np n
==+ = € (0,00).
p? (1-p? p(l-p) (0,00)
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We also know that:
E(X) =E(X1) =p = g(p),

v _ Var(Xy) 1 lg'(p)]?
aI‘ _— = — 1 — = .
Therefore, we conclude that 7'(X) = X is an efficient estimator of p. O

Example 3.30. Let Xq,..., X, be a random sample with f(z;9) = logﬁﬁx for ¥ > 1
and = € (0,1). We calculate that:

log f(x;9) = nloglog ¥ — nlog(¥ — 1) + logﬁZazi,
i=1

0 n n
Sx (V) = 55 log f(X;9) = Dlogd 0 —1 q9ZX

n n = 9 1
X; — Pix o (Y
(Z logﬁ) v [ (19— 1 log19>} ’
where k() = % # 0 V9 > 1. According to proposition 3.8, the statistic T'(X) = X

v _
9—1 logﬂ

we observe that the parameter space © = (1,00) is an open subset of R and the

is an efficient estimator of the parametric function g() = Alternatively,

distribution of the sample X belongs to the exponential family with the following
joint PDF:

f(z;9) = exp {n$10g19 -n [log(ﬁ — 1) +log 10;9} } ’

where T'(z) =7, Q(¥) = nlog? and A(YJ) =n [log(ﬁ —1)+log @] We calculate
that:
n n
9—1  Jlogd’
so all of the regularity conditions are satisfied. According to proposition 3.9, the

statistic T(X) = X is an efficient estimator of g(1) AW o We note

QW T 91 logﬁ
that it would have been exceptionally arduous to calculate the variance of T'(X) to

Q) =5#0, AW)=

compare it against the Cramér - Rao lower bound. O

Note 3.20. If we know of an unbiased estimator of g(¥#), it suffices to calculate its
variance and compare it against the Cramér - Rao lower bound to check whether
it’s efficient. Otherwise, we can apply proposition 3.8 or proposition 3.9 to check
whether an efficient estimator of g(¢) exists or not. Indicatively, in table 3.3 we
summarize the Fisher information of 1 observation for the parameters of some widely

used distributions.
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Bernoulli(p) 1/p(1—p)
Bin(N, p) with known N | N/p(1 —p)
Poisson(\) 1/A
Exp(9)
Beta(d, 1) 1/9?
Beta(1, )
Gamma(k, \) with known k k/\?
N (i, 0%) with known o2 1/0?
N (p, 0?) with known 1/204

TABLE 3.3: Fisher Information of Notable Distributions

3.9* Multivariate Cramér - Rao Inequality
Definition 3.15. Let X = (X1, Xs,...,X,) € R" and Y = (¥1,Ys,...,Y,) € R® be
2 random vectors. Then, we define:

e BE(X)=[E(X1),E(X2),...,E(X,)]’ € R" the mean vector of X;

e Var(X) =E (XXT) — B(X) [E(X)]" € R™" the covariance matrix of X;

« Cov(X,Y)=E(XYT) - E(X) [E(Y)]T € R"™** the covariance matrix between
X and Y.

Proposition 3.10. Let X € R", Y € R® be random vectors, A € R™*" B € R™**

be constant matrices and ¢ € R™, d € R™ be constant vectors. Then, we know that:
i. B(AX +¢)=AE(X) +¢,
ii. F(AX+ BY)=AE(X)+ BE(Y),
iii. Var(AX +c) = AVar(X)AT,
iv. Var(X) is symmetric and positive semi-definite, i.e. u*Var(X)u > 0 Vu € R".
v. Cov(X,¢) = 0pxm,
vi. Cov(X,X) = Var(X),
vii. Cov(Y,X) = [Cov(X,Y)]",
viii. Cov(AX + ¢, BY +d) = ACov(X,Y )BT,
ix. Var(AX+BY) = AVar(X)AT + BVar(Y)BT + ACov(X,Y)B" 4+ BCov(Y, X)AT,
x. X,Y independent = Cov(X,Y) = 0,4, = E (XYT) = BE(X) [E(Y)]".

Definition 3.16. i. The function Sx () = Vylog f(X;¥) € R® is called the score
function of the sample X for the parameter ¥ € R®.
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ii. The parametric function Zx(J) = E [Sx(9)S% (¢9)] € R¥** is called the Fisher

information matriz of the sample X for the parameter .
Proposition 3.11. If g(n) = ¥ is a continuously differentiable function with Jacobian

matrix Jy(n) € R**Y, then Ix(n) = J" (n)Ix (9(n)) Ty(n) € R

Proof. According to the chain rule, we calculate that:

Lx(n) = By [Sx(n)S¥(n)| = E, |V, log F(X:m) V] log £(X:m)]
|75 ) g log £ (X5 0)V log £(X:0)7,(n)|

— 7} (n)Eq |y log f(X;9)V5 log f(X;59)| Ty(n)

= T, (MIx (9(n)) Ty(n).

O

Regularity Conditions: Without loss of generality, assume that the distribution
of the sample is continuous with joint PDF f(x;¢) for ¥ € © C R®* and x € S. We

define the following regularity conditions:
I. The parameter space © is an open subset of R®.
II. The support S = {z € R": f(z;9) > 0} doesn’t depend on the value of 9.
I11. %f(m;z?) <ocoVreSand V9 €O forj=1,2,...,s.
O (o — 90 . - .
IV. [ aﬁjf(x,ﬂ)dx = 30; Js flx;9)de =0V € © for j =1,2,...,s.
V. The matrix Zx () € R%*¢ is positive definite Vi € ©.
Proposition 3.12. Suppose that the following regularity conditions are satisfied:
02 . DL —
VI. mf(x,ﬁ) <ooVreSand Vi eOfor j,k=1,2,...,s.
9?2 . _ _0? . — A
VII. Mf($7l9)d$ = m fS f(.%',?.?)dl‘ =0V € O for ],k = 1,2, ey S

Then, it follows that Zx(9) = —Ey [Hx ()], where Hx(¥) is the Hessian matrix of
log f(X;1), i.e. the Jacobian matrix of the score function Sx (¢#).

Proof. We follow the same steps as the proof of proposition 3.6 (page 52). O

Proposition 3.13. Let X be a sample which satisfies the regularity conditions I-V.
Then, E [Sx(ﬁ)] = 0 and Vary [Sx(ﬁ)] =Ey [Sx(ﬁ)S)T((ﬁ)] = IX(ﬂ) Vi € O.

Proof. We follow the same steps as the proof of proposition 3.7 (page 52). O
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Lemma 3.1. (Multivariate Covariance Inequality) Let X € R” and Y € R™ be 2
random vectors with positive definite covariance matrices. Then, it follows that the
matrix difference Var(X) — Cov(X,Y) [Var(Y)] ™! Cov(Y, X) is positive semi-definite.

Proof. Without loss of generality, assume that E(X) = E(Y) = 0. For any constant
matrix A € R™™ we know that the matrix (X + AY) (X + AY)" is positive semi-

definite. Then, we observe that:
(X +AY) (X + AV)T = XXT + Ay X" + XyTAT + AyyTAT =

E [(X TAY) (X + AY)T] = Var(X) + ACov(Y, X) + Cov(X, V) AT + AVar(Y) A7

Let A= —Cov(X,Y)[Var(Y)]™!. Since Cov(Y, X) = [Cov(X,Y)]", it follows that:
E [(X FAY) (X + AY)T} = Var(X) — Cov(X,Y) [Var(Y)] ! Cov(Y, X).

Therefore, we conclude that the matrix Var(X) — Cov(X,Y) [Var(Y)] ! Cov(Y, X) is

positive semi-definite. O

Theorem 3.10. (Multivariate Cramér - Rao Inequality) Let X be a sample with joint
PDF f(z;9) for ¥ € © C R® and = € S which satisfies the regularity conditions I-V.
Suppose that the statistic 7(X) is an estimator of the parametric function g(v9) € R?
with finite variance which satisfies the following regularity condition:

VIIL Th(x)%j f(z;0)de = % [ Th(z) f(z;9)dx = %Eﬂ [T3,(X)] V0 € ©,

where Ey [T}, (X)] = gn(9) + biasg, (9) [Tn(X)] for h = 1,2,...,d. Then, the matrix
difference Vary [T'(X)] — T (9)Zx' (9)T,E () € R4 is positive semi-definite Vi € O,
where J,,, € R%*¢ is the Jacobian matrix of m(9) = Ey [T'(X)].

Proof. By making use of the regularity conditions VII and IV, we calculate that:

Vomp(9) = VyEy [Th(X)] = Vy /S Th(x) f(x;9)dx

1
- /S Ty (2)V o f (23 9)d = /S T, (0)f(@:0) 51,5 VoS (i)
- /S £ (:9)Th(2) Vg log  (:9)dz = Ey [T(X)Sx (9)]
= Covy [Th(X), Sx(9)] + Ey [Th(X)] Ey [Sx (9)]
= COV@ [Th(X),Sx(ﬁ)] y

where Ey [Sx (9)] = 0 according to the previous proposition. Then, we infer that:

Covyg [T(X), Sx ()] [Var (Sx (8))] " Covy [Sx (9), T(X)] = Tm(9) Iy (9) Tom (9),
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where Var [Sx (V)] = Zx(v) according to the previous proposition. By making use
of the multivariate covariance inequality, we conclude that the matrix difference
Varg [T(X)] — T (9)Zx' (9)T,% () is positive semi-definite. O

Corollary 3.7. If the statistic 7(X) is an unbiased estimator of the parametric
function (1), then the matrix difference Vary [T(X)] — J,(0)Zy" (9) " (9) is positive
semi-definite Vi € ©.

Proof. 1f T(X) is an unbiased estimator of g(¢), then m(¥) = Ey [T(X)] = g(¢¥), so

the result follows immediately from the multivariate Cramér - Rao inequality. 0

Definition 3.17. An unbiased estimator T'(X) of g(¢) which achieves the Cramér
- Rao lower bound, i.e. for which it holds that Vary [T'(X)] = jg(ﬁ)I)_(l(ﬁ)ng(ﬁ)
Vi € O, is called an efficient estimator of g(v).

Proposition 3.14. A statistic 7'(X) is an efficient estimator of g(¢}) if and only if
there exists a function K () € R?*® such that K (9)Sx(¥) = T(X) — g(¥) V¥ € O.
Then, it holds that K () = J,(9)Zy* ().

Proof. We know that T'(X) is an efficient estimator of g(1J) if and only if it’s an
unbiased estimator of g(¥) and it achieves the Cramér - Rao lower bound. Further-
more, we know that 7'(X) achieves the Cramér - Rao lower bound if and only if
the covariance inequality invoked in the proof of the Cramér - Rao inequality holds
as an equality Vi € ©. We also know that the covariance inequality holds as an
equality if and only if there exist functions co(9) € R? and C;(9) € R¥** such that
T(X) = co(9) + C1(9)Sx (V) VU € ©. Then, we calculate that:

9(9) = E[T(X)] = co(?) + C1(9)Ey [Sx (9)] = co(V),

0=Je,(9) + %Sx(ﬁ) +Ci(Hx () =
Tg(0) + %Eﬂ [Sx ()] +C1(NEy [Hx(9)] =0 = C1(9) = Ty(9) Iy (9).

Therefore, we conclude that:

T(X) = g(9) + Jg(9)Ix' (9) Sx ().
—_—

O

Proposition 3.15. Suppose that the distribution of the sample X belongs to the mul-

tiparameter multivariate full exponential family with f(z;9) = h(z)el@@).T@)-AW),
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If the parameter space © is an open subset of R® and the function @ : © — R?® is con-
tinuously differentiable with invertible Jacobian matrix Jg, then all of the regularity
conditions are satisfied. Furthermore, the statistic 7'(X) is an efficient estimator of
the parametric function g(9) = Jél(ﬂ)VﬁA(ﬁ) € R®.

Proof. Regularity conditions I and II are satisfied by assumption. The rest of the
regularity conditions can be shown to be satisfied by suitable application of the dom-

inated convergence theorem. Then, we calculate that:

Sx(¥) = Vylog f(X;9) = o) T(X) = VyA(9)
= Jo0) [T(X) - 75 ()9 AW)] .

According to the previous proposition, it follows that the statistic T'(X) is an efficient
estimator of g(¥) = jél(ﬁ)vﬁA(ﬁ). O

Example 3.31. Let X1,..., X, ~ N (¢1,92) be a random sample. We want to show
that the statistic T(X) = (X, 23" | X?) is an efficient estimator of the parametric
function g(9) = (V1,93 + 9J2), whereas the sample variance S? isn’t an efficient esti-
mator of ¥5. We observe that the parameter space ® = R x (0, 00) is an open subset
of R%. According to example 3.13 (page 37), the distribution of the sample belongs

to the exponential family with:

I ndy n n¥?  nlogds
T = (2.1 322 gy (M) gy = |

We calculate that:

TLT’ﬂl ﬁl _ L1921 Yo 29192
VaA@) = | P L Je) = | R o ="
_mi L o 0 0o 2%
293 2092 293 n

so all of the regularity conditions are satisfied. According to proposition 3.15, the
statistic T(X) = (X, 13" | X?) is an efficient estimator of the parametric function

g(¥) = jQ_l(ﬂ)VﬂA(ﬁ) = (191, 92 + 192). Alternatively, we calculate that:

n

n n 1
log f(x;9) = —3 log(2m) — 5 log ¥y — 20, (z; — 1),
i=1

o i (X =0
SX(I?) = V,ﬂ log f(X’ 19) — o Zl:l( 1) ’

*ﬁ + ﬁ Z?:1(Xi - 191)2



3.10. ASYMPTOTIC DISTRIBUTION OF ESTIMATORS 63

n 1 n
-3 — 7 21 (X — 1)
Hx(W) =Tsx () =| . E
T2 Zi:l(Xi - 791) ﬁ 9 Zi:l(Xi - 791)

19% 0 1 0
Ix(9) = —E[Hx (V)] = EVACES
0 % 29 1
According to example 2.4 (page 21), we know that:
191 Yo 29192
E[T(X)] = Var[T(X)] =] " " = Ty(NI ()T (D).
e T R PRI B A

According to proposition 3.14, the statistic T'(X) = (Y, % Yoy XZQ) is an efficient

estimator of the parametric function g(¢). Alternatively, we observe that:

V2 0 LZ’} (X; — 1)
_ n 0 =1 7 1
Jg(ﬂ)IXI(ﬂ)SX(ﬁ)Z 20105 293 n 2 1 n 2
_% 72 _%‘F@Zi:ﬂ)(i_ﬁl)
X -
=1, =T(X) — g(0).
n 22;1 Xz‘z - 79% — U

Therefore, the statistic 7'(X) = (X, 37 | X?) is an efficient estimator of the para-
metric function g(v). Now, we let h(¥) = ¥ and calculate that J,(9) = (0,1).
According to note 3.12 (page 38), we know that:

2

Var (5’2) =3

2 _
9> 208 = Zu)TR ()T (0),

which implies that the sample variance S? isn’t an efficient estimator of ¥5. Since
S? is the UMVUE of 95, according to example 3.26 (page 49), it follows that there

doesn’t exist any efficient estimator of 5. O

3.10 Asymptotic Distribution of Estimators

Definition 3.18. (Convergence of Random Variables)
i. Almost sure convergence: X, =5 X < P (limy 0o X = X) =1

ii. Convergence in probability: X, 5HX & limy, oo P (| X, — X| <) =1 for
alle >0

iii. Convergence in distribution: X, L X o lim, o Fx,(z) = Fx(z) for

every continuity point x of the CDF Fx
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Definition 3.19. i. A statistic T,,(X) is called a strongly consistent estimator of
g(¥) if Tp(X) 23 g(9) VI € ©.

ii. A statistic T),(X) is called a (weakly) consistent estimator of g(19) if T,,(X) % g(¥9)
Vi € O.

iii. A statistic 7,,(X) has an asymptotic distribution if there exists a sequence (77,),,>,
of real numbers with lim,,_,~, 7, = 0o such that 7, [T;,(X) — g(9)] % ¥ for some

random variable Y.

Interpretation: The consistency property ensures that all the most probable values
of an estimator of ¥ are concentrated more and more tightly around the true value
of ¥, as we’re collecting more and more data. Therefore, it doesn’t provide any
information about the properties of an estimator based on a sample of a given size,

but rather only about its asymptotic behavior.

All results concerning the asymptotic distribution of estimators are consequences
of well-known results in the field of measure-theoretic probability theory. We are going
to mention those useful probabilistic results without proof and build open them to
prove all the needed results in asymptotic statistics. The proofs of those probabilistic
results can be found in any standard probability theory textbook such as "Probability
and Measure" by Patrick Billingsley and "Probability Theory and Examples" by Rick
Durrett.

Proposition 3.16. i X, ¥ X=X, %X = X, % X.

ii. If X = ¢ is a degenerate random variable, i.e. it holds that P(X = ¢) = 1, then
D, d
X, —>c & X, —ec

i1 X, "2 X and Y, " Y, then X, + Y, “2F X 4V and X, “P XV I
Y, #0and Y # 0, then )}S—: a'i{p %

Corollary 3.8. If the statistic 7, (X) is a strongly consistent estimator of g(), then

it’s also a consistent estimator of g(1J).

a.s.

Proof. According to the previous proposition, we know that 7,,(X) =% ¢(¢) implies
that Tp,(X) 5 g(9). O

Theorem 3.11. (Slutsky) If X,, % X and V,, % ¢, then X, +Y, % X + ¢ and
XYy % eX. 1Y, #0and ¢ # 0, then 32 % X,

Definition 3.20. i. A statistic T,,(X) is called an asymptotically unbiased estima-
tor of g(v9) if it holds that lim,_,c Ey [1,(X)] = g(9).

ii. A statistic T, (X) is called an asymptotically efficient estimator of ¥/ if it holds that
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V[T, (X) — 9] 4N <0,I)_(11 (19)), i.e. it’s asymptotically normal with asymp-

totic variance which is equal to the Cramér - Rao lower bound.

Note 3.21. The property of asymptotic efficiency ensures that the variance of an
estimator becomes as small as possible, as we're collecting more and more data, even

if it doesn’t achieve the smallest possible variance based on a sample of a given size.
Proposition 3.17. (Sufficient Conditions for Consistency)

i. If the statistic 7,,(X) is an unbiased estimator of the parametric function g(4)

with lim,,_, Vary [T5,(X)] = 0, then it’s a consistent estimator of g(¥).

ii. If the statistic T;,(X) is an asymptotically unbiased estimator of ¢g(1J) and it holds
that lim,,_ o Vary [1,,(X)] = 0, then it’s a consistent estimator of g(9).

iii. If ry, [T0(X) — g(9)] %Y for some sequence (n)p>q With limy, o 7, = 00, then
)

the statistic 7,,(X) is a consistent estimator g(¢).

Proof. i. According to Chebyshev’s inequality, we know that:

Py HTn(X)_g(ﬁ)’ 25] < Wﬂj}mo N

lim Py [T,(X) — g(0)| 2] =0 = lim Py [|T(X) — g(0)] < &] = 1.

n—0o0 n—oo

ii. According to Markov’s inequality, we know that:

By [[T2(X) — g(0)] > €] = By [(Ta(X) — g(9))* > ] < g [(Ta(X) — g(9))?

_ Vary [To(X)] + [IE;; (T (X)) — g(9)]? o

lim Py [[T,(X) ~ g(#) > €] =0 = lim By [|T,(X) —g(9)| <] = 1.

iii. According to Slutsky’s theorem, we infer that:

1

d
Tn(X) = — - [Tn(X) = g(0)] + 9(9) = 0-Y +g(9) = g(9).
According to proposition 3.16, we conclude that T,,(X) 2 g(9). O

Theorem 3.12. (Continuous Mapping Theorem) If X, a'sig)/d X and the function
g : R — R is continuous, then g (X,,) a'sigj/d 9(X).

Corollary 3.9. If T,,(X) is a (strongly) consistent estimator of ¥ and the function
g : © — R is continuous, then g (7,(X)) is a (strongly) consistent estimator of the

parametric function g(¥).
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Proof. According to the continuous mapping theorem, we know that 7}, (X) Jp
implies that g (7, ~{p O

Theorem 3.13. (Delta Method) If r, (X,, — ¥) A Y, where lim,_,o 1, = 00, and

the function g : © — R is continuously differentiable with ¢’(9) # 0, then it follows
d

that r, [g (Xn) — g(9)] = ¢'(9)Y.

Theorem 3.14% (Second-Order Delta Method) Suppose that r, (X, —9) LN Y,

where lim,,_,oo 1, = oo. If the function g : © — R is 2 times continuously differ-
entiable with ¢/(9) = 0 and ¢” () # 0, then 72 [g (X,,) — g(9)] 4 39" (9)Y2.

Theorem 3.15. (Weak Law of Large Numbers) If (X,,),,-, is a sequence of iid random

variables with E(X) = u € R, then X,, 5 1.

Theorem 3.16. (Strong Law of Large Numbers) If (Xy,), -, is a sequence of iid
random variables with E(X;) = u € R, then X, %% p.

Corollary 3.10. The statistic 7},(X) = X, is a strongly consistent estimator of the
parametric function g(¥) = Ey(X).

Proof. The result follows directly from the strong law of large numbers. O

Theorem 3.17. (Central Limit Theorem) If (Xy,), -
variables with E(X;) = ¢ € R and Var(X;) = o2 (0 o0), then it follows that
Vi (X — 1) S Y ~ N (0,02).

is a sequence of iid random

Lemma 3.2. If the random variable X has continuous CDF F(x;4), then it holds
that U = F(X;9) ~U(0,1).

Proof. Since the CDF F(z;) is continuous, we deduce that it’s also invertible. For
€ (0,1), we calculate that:

Fy(u) =P[F(X;9) <ul =P[X < F ()] = F (FHw;9);9) = u.
O

Theorem 3.18. If the random variables Uy, ..., U, ~U(0, 1) are iid, then it follows
that nU) %y and n [1 — U(n)] A V', where Y,V ~ Exp(1) are independent random

variables.

Corollary 3.11. If the random sample X7, ..., X, has continuous CDF F'(x; ), then
it follows that nF [X(1y;9] % Y and n[1 - F (X(n);9)] % V, where Y,V ~ Exp(1)

are independent random variables.
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Proof. According to the previous lemma, we infer that U; = F (X;;9) ~ U(0, 1) for
i =1,2,...,n, which implies that Uy = F [X(l);ﬁ] and Ug,) = F [X(n);ﬁ]. Hence,

the desired result follows from direct application of the previous theorem. ]

Lemma 3.3. Let U ~ #(0,1). Then, the random variable X = F~}(U;¥) has
continuous CDF F'(z; ).

Proof. We know that Fyy(u) = P(U < u) = u for u € (0,1). For z € S, we calculate
that:
Fx(z) =Py(X < z) =Py [F1(U;9) < 2]
=Py [F(x;0) > U] = Fy (F(x;9);9) = F(a;7).

O]

Theorem 3.19% If the random variables Uy, ..., U, ~ U(0, 1) are iid, then it follows
that:
1
vn [median(U) - 2] LY ~N(0,1/4).

Corollary 3.12% If the random sample X;,..., X, has PDF f(z;9), CDF F(x;9)
and m = F~1(1/2;9) is the theoretical median of the distribution, then it follows
that:
1

v [median(X) —m] % V ~ N <o, o) 19)> .
Proof. Let g(x) = F~!(z;9). Since the CDF F(z;9) is continuous, we infer that g
is continuously differentiable. First, we notice that g (1/2) = m. Then, we calculate
that:

z="F(g(x);0) = g @)F (9(x);9)=1 =

1 1
/ /
gr)=——F"7"— = g1/2)=—7—=#0
= Fla@m) D= faa) 7
According to the previous lemma, it follows that the random variables X1, Xo,..., X,

and g(U1),g(Us),...,g(U,) have the same distribution, which implies that the ran-
dom variables median(X) and g (median(U)) also have the same distribution. By
applying the delta method on the asymptotic distribution of the previous theorem,

we conclude that:
Vi [median(X) — m] £ v/n [g (median(U)) — g (1/2)]

d _ I
— g 2Y =Y N(O’ 4f2<m;z9>>‘
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Proposition 3.18% If X,, = (X,1,...,Xys) and X = (X4,...,X), then it follows
that X, "2 X & X, "X, for j=1,2,...,s.

Theorem 3.20% (Cramér - Wold) If X,, = (Xp1,...,Xpns) and X = (X5,..., Xy),
then it holds that X, LX o ijl ¢j Xnj 4, E;Zl ¢;X;Ve=(c1,...,cs) € RS

Definition 3.21% A random vector X € R?® follows the (non-degenerate) multivariate

normal distribution with mean vector p € R® and positive definite covariance matrix
Y e R e, X ~ Ny (u,X), if it has the following PDF:

Pl ) = (2m) 2 5|2 exp{—;u WS e —m}, R,

Proposition 3.197 If X ~ N,(u, %), A € R and ¢ € RY, then it follows that
AX +c~ Ny (Ap+ ¢, ATAT).

Theorem 3.217 (Multivariate Central Limit Theorem) If (X;,),-, is a sequence of
iid random vectors with mean vector E(X;) = p € R® and positive definite covariance
matrix Var(X;) = ¥ € R**¢, then it holds that \/n (X, — p) LY ~N, 0,%).

Theorem 3.22% (Multivariate Delta Method) Suppose that r, (X, — ) 4y e RS,
where lim,_oo 7, = 00. If the function ¢ : © — R¢ is continuously differentiable with
Jacobian matrix J, € R¥® and the matrix jg(ﬂ)Varﬁ(Y)ng(ﬂ) is positive definite,
then it follows that r, [g (X,) — g(9)] LN Tg(0)Y.

Theorem 3.23% (Multivariate Second-Order Delta Method) Let 7, (X, — 1) LN Y,

where lim,, oo 7, = 00. If the function g : © — R is 2 times continuously differentiable

with V} () Vary(Y)Vyg(9) = 0 and Hessian matrix H,(9) € R**®, then it follows
d

that r2 [g (Xn) — 9(9)] = Y TH,(D)Y .

Note 3.22. To sum up, there is a multitude of available methods to show that a
statistic T,,(X) is a (strongly) consistent estimator of a parametric function g(¥):

i. The definitions of almost sure convergence and convergence in probability;

ii. Showing that T,(X) is an (asymptotically) unbiased estimator of g(¥) with
lim,, o Vary [T,(X)] = 0;

iii. Combining the laws of large numbers with the continuous mapping theorem and

proposition 3.16;

iv. Showing that 7,,(X) has an asymptotic distribution via a combination of the defi-
nition of convergence in distribution, Slutsky’s theorem, the continuous mapping

theorem, the delta method, the central limit theorem and corollary 3.11.

Example 3.32. Let Xi,..., X, ~ N(1,0?) be a random sample. We want to find

(strongly) consistent estimators of o2 and g(u,0?) = £. We also want to show that
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SY"/?/% Aoz~ N(0,1). According to note 3.12 (page 38), we know that the sample
variance S2 is an unbiased estimator of 02, and it holds that Var (Sﬁ) = n2L_41 — 0 as

n — 0o. According to proposition 3.17, it follows that S2 is a consistent estimator of

o?. Alternatively, we know that:

1 - —2 n 1 < —2
52 = (ZXE —an> = (ZXE—Xn> .
n—1 n—1 n

=1

According to the strong law of large numbers, we also know that:

_ 1 <&
X, %, - > XPUE(XT) = Var(Xy) + [E(X0))? = o + 12,
i=1
According to proposition 3.16, we infer that S2 I [(02 + /f) — M2] =02 ie. S?
is a strongly consistent estimator of 2. We also infer that )é—: is a strongly consistent
estimator of the parametric function g(p,0?) = £. According to the central limit
theorem, we know that \/ﬁ(yn —u) 4y ~ N(O,UQ). According to Slutsky’s

theorem, we conclude that:

X, —
Sn/

1
42y =Z~N(0,1). O

=

B

Example 3.33. Let Xi,..., X, ~ Exp()) be a random sample. We want to examine

whether the statistic T,,(X) = = is a (strongly) consistent estimator of A and calcu-

1
+
late its asymptotic distribution. We know that > ; X; ~ Gamma(n, \). According
to example 3.24 (page 48), we also know that E[T,,(X)] = 24 — X as n — oo, ie.

— n—1

T,(X) is an asymptotically unbiased estimator of \. Additionally, we calculate that:

>~ 1 n 2\n 9]
E [Tz (X)] — n2/ _ )\ mn—le—)\mdl, — & / :L,'Vl—3€—>\ajdx
o 2*(n—1) (n—1)"J,
A" (n—3)! n2\?

T - A2 T (n-1n-2)

n2\2 n2\2 n2\?2 n—00
VL) = ) o2 T o

According to proposition 3.17, the statistic T,,(X) is a consistent estimator of A.
According to the strong law of large numbers, we know that X,, 3 E(X;) = % Hence,
we infer that T, (X) is a strongly consistent estimator of \, according to proposition
3.16. Furthermore, we know that \/n (Yn — %) Ly~ N (07 %), according to the
central limit theorem. Since the function g(z) = 1 is continuously differentiable on
O = (0,00) with ¢’ (1/)) = =A% # 0, we conclude that:

Vi [Tu(X) = A % g/ (1/A)Y = =22V ~ N (0,)?),
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according to the delta method. O

Example 3.34. Let Xi,..., X, ~ Pareto(k,\) be a random sample with & > 0,
known A > 2, PDF f(z;k) = x)‘f:l and CDF F(z;k) =1 — (E))\ for x > k. We want

x

to examine whether the statistic X (1) is a consistent estimator of k£ and calculate its

asymptotic distribution. First, we calculate that:

™ K™
FX(1> (I‘) =1- <ﬂ§'> ) fX(1> (I) = Wv

i.e. X(1) ~ Pareto(k,nA). Then, we calculate that:

* 1 nAk™ 1 nA\k
i n\ B B n—+00

ie. X() is an asymptotically unbiased estimator of k. Additionally, we calculate

that:

1 nAE™ 1 nAk?
2 _ n _ —
E [X<1>] = nAk /k S S ) e R N
k2 2)\2E2 k2 n—00
Var [X(l)] n " n = 0.

Tar—2 (mA—12  (nr—1)2(nAr—2)
According to proposition 3.17, the statistic X(;) is a consistent estimator of k. Ac-

cording to corollary 3.11, we know that:

4y~ Exp(1).

' k N 1
Since the function g(z) = 2~ %/*

holds that ¢’ (k:_’\) = —%k)“H =0, it follows that:

is continuously differentiable on © = (0,00) and it

n[Xq) — k] % -k (lﬂ) Y = §Y =V ~Exp (\/k),

according to Slutsky’s theorem in conjunction with the delta method. Alternatively,

for z € (0,00), We calculate that:

T k nA

—nA
—1- <1+$/k> ' N0 emMalk,
n

which is the CDF of V' ~ Exp (\/k), so we conclude that n [X(l) — k] 4y, O

Example 3.35. Let Xi,..., X, ~ Bernoulli(p) be a random sample. We want to
show that the statistic T,,(X) = min {Yn, 1-— Yn} is a strongly consistent estimator
of g(p) = min{p,1 — p} and calculate its asymptotic distribution. According to the
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strong law of large numbers, we know that X,, 3 E(X;) = p. Since the function
g(p) = min{p, 1 — p} is continuous on © = (0,1), the statistic T,,(X) is a strongly
consistent estimator of g(p), according to the continuous mapping theorem. Further-
more, we know that /n (X, — p) LY ~ N (0,p(1 — p)), according to the central
limit theorem. Since the function ¢g(p) = min{p, 1 — p} is continuously differentiable

for p # § with |¢'(p)| = 1, it follows that:

Vi [To(X) — min{p, 1 — p}] % ¢/ ()Y ~ N (0,p(1 - p)),

, we observe that:

according to the delta method. For p = %

T, (X) — min{p,1 — p} = min {Xn - %, % —Xn} =— 'Xn - ;' :
Since the function g(x) = —|z| is continuous, it follows that:
Vi [Ta(X) = min{p, 1 = p}] = Vit [ X — 5| 4 —IY,
where Y ~ N (O, %), according to the continuous mapping theorem. O

3.11 Maximum Likelihood Estimation

Definition 3.22. The joint PMF or PDF of the random variables Xi,..., X, re-
garded as a function of ¥ is called the likelihood function of the sample X for ¥ and
is denoted by L(9 | z) = f(z;9).

Note 3.23. If X;,..., X, are independent, then L(V | z) = [, f(zi; V).

Interpretation: The likelihood function expresses how plausible it is to have ob-
served the sample x as a function of the parameter 9. Therefore, a "reasonable"
estimator of ¥ results from maximizing the likelihood function with respect to 9. In
this manner, we estimate the unknown parameter by the value of ¥ for which it is

most likely to have observed the sample.

Definition 3.23. The statistic @(X ) for which the likelihood function is maximized,
ie. 1/9\(X) = argmaxyce L(V | X), is called the mazimum likelihood estimator (MLE)
of 9.

Note 3.24. i. For an unknown parameter ¥ there may not exist any MLE, there
may exist a unique MLE, or there may exist multiple MLEs, i.e. the likelihood

function might have multiple global maxima.

ii. Since the function g(z) = logz is strictly increasing on (0,00), we infer that

the maxima of the log-likelihood function (¥ | x) = log L(¥ | ) coincide with
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the maxima of the likelihood function. For reasons of computational ease and
numerical stability (the products turn into sums), maximizing the log-likelihood

function is usually preferred.

iii. If the log-likelihood function ¢(9 | z) is partially differentiable on an open set
©p C O, then candidate global maxima of (¢ | z) are given by solving the

system of equations % =0forj=1,2,...,s.
J

Proposition 3.20. If the statistic 7'(X) is sufficient for 9 and 1/9\(X) is the unique
MLE of 9, then it holds that 5(X ) =1 (T') for some function .

Proof. According to the Fisher - Neyman factorization criterion, we know that:
L | x) = f(;9) = g (T(2);9) h(x).

Since the function h(z) does not depend on the value of ¥, we deduce that the unique
MLE (X ) of ¥ is the value of ¥ which maximizes the function g (T'(x); ). Therefore,
we conclude that the MLE 5(X ) of ¥ depends on the sample X through the sufficient
statistic T'(X) for 1. O

Proposition 3.21. Let X be a random sample from a distribution which satisfies
the regularity conditions of the Cramér - Rao inequality. If the Fisher information
Zx (V) is differentiable on © and the statistic 7'(X) is an efficient estimator of ¥, then
T(X) is also the MLE of 9.

Proof. According to proposition 3.8 (page 54) for the parametric function g(¢) = ¥,
we know that Sx(¥) = Zx(¥) [T(X) — 9] V¥ € ©. Since the score function is the
derivative of the log-likelihood function with respect to 9, setting it equal to 0 and
solving the resulting equation should yield the MLE of 9. Since Zx(¢) € (0,00), it
follows that 5(X ) = T(X). Next, we calculate that:

0 9 ~ ~
8 (0) = Th(0) [T(X) ~ 9] ~ Tx(0),  S-8x(D) = ~Tx(D) <0,
Thus, the efficient estimator T'(X) of ¢ is also the MLE of 4. O

Note 3.25. The converse is generally not true, i.e. the MLE of ¢ isn’t necessarily
an efficient estimator of 1. In fact, there are cases where the MLE of ¥} is not even

an unbiased estimator of 9.

Proposition 3.22. (Invariance Property) If the statistic 5(X) is the MLE of 9, then

— o~

g(9) is the MLE of the parametric function g(d), i.e. it holds that g(d) = g(9).
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Proof. Assume that the function ¢ is injective and let:

Lnlz)=L(g7 ()| z) =L | ).

Then, we observe that:
£ (9 | 2) = £ (57 9 |2) = £ (T 2).

Therefore, we conclude that 7 = g/(\ﬂ) = g(@) The proof for the general case requires
the notion of the induced likelihood function and can be found in Casella and Berger,

Section 7.2. 0

Example 3.36. Let Xi,..., X, ~ Exp()\) be a random sample. We calculate that:

(N |z)=log L\ | z) =nlog\ — /\in,
i=1

1 0%\ |x) n
T Ta Xm0 s A =g THg T =<0 W0

i.e. the function (A | x) is strictly concave on © = (0,00). Therefore, the statistic
A(X) = L is the MLE of . O

Example 3.37. Let Xq,...,X,, ~ Bin(/N,p) be a random sample with known N.
We calculate that:

lplx)= Zlog <N>+logp2xz+log(1— (nN—Zn:JI,),
=1

=1

T — (1_<nN Zx2><0 Vp € (0,1),

i.e. the function ¢(p | z) is strictly concave on © = (0,1). Therefore, the statistic
p(X) = +X isthe MLE of p. If 21 = - -- = 2, = 0, we infer that L(p | z) = (1—p)",
i.e. the likelihood function is strictly decreasing on ©® = (0, 1), so the MLE of p doesn’t
exist. If z; = --- = x, = N, we observe that L(p | z) = p™", i.e. the likelihood
function is strictly increasing on © = (0,1), so the MLE of p doesn’t exist. ]

Example 3.38. Let Xy,...,X,, ~ N (u,9) be a random sample with known p. We
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calculate that:

(0 | 2) = =5 log(2m) — 5 log ) — H(xz O
o0 x)  m 1~ RN & VR
—o0 ~ 19%:1(”_“) =0 = V=00 wi-wp,
820(9 | ) no| 2 )
o @‘*Z o0 | TR

- = 0,
0v? R

i.e. the function ¢(9 | ) has a maximum at 3. Next, we calculate that:

Y—00

- o ENCIUED B I < VTS O
1911%1@;0[',(19|:L‘)— lim (2709) exp{ 2 - (x; u)} 0,

9—0+ 9—0F 29 —

lim £(9|z)= lim (270)_71/2 exp {—1 (x; — M)Q} =0.

Therefore, the statistic J(X) = LS (X — p)? is the MLE of 9. In the case where
xy =--- =Ty = {1, we observe that L(V | x) = (2%19)7"/2, i.e. the likelihood function
is strictly decreasing on © = (0, 00) and doesn’t have any maxima. However, it holds

that P(X) =--- = X,, = p) = 0, so the MLE of ¢ exists with probability 1. O

Example 3.39. Let X1,..., X, ~U(0,9) be a random sample. We calculate that:

1
LW | 2) = || Lpo (@) = 5100 (2w) = :
19 H v 0, Y < T(n)

For ¥ > (), the likelihood function is strictly decreasing, so it has a unique global
maximum 1/9\(X) = X(n)- O

Example 3.40. Let Xi,..., X,, ~ U(2¢,39) be a random sample with ¢ > 0. We

calculate that:

1 1
LE | 2) = 5olposs (20) Lposs) (2m) = grlpoee) (20) Liooso) (2m)
97 209 < Z(1) and 39 > Z(n) 9" %Jj(n) <9< %:13(1)
0, otherwise 0, otherwise

For 9 € [ T(n)) 5

(1)], the likelihood function is strictly decreasing, so it has a unique
global maximum g(X ) = %X(n). O
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Example 3.41. Let Xi,..., X, ~U(J,9 + 1) be a random sample with ¢ € R. We

calculate that:
LW | 2) = L9 (20) Loty (Tm) = Lp.eo) (20) Loowr] (T@w)

1, 19<x(1) andﬁ}x(n)—l 1, x(n)—1<19<$(1)

0, otherwise 0, otherwise

For ¢ € [x(n) -1, x(l)], the likelihood function is constant, so it has infinitely many
global maxima J(X) € [X(,) — 1, X(1]. O

Example 3.42. Let X1,...,X,, ~U(¥1,7Y2) be a random sample. We calculate that:

1
L0211 2) = 555 Mion.e0) (20) L-oea] (2(m)

(U2 —91)™", 1 <x)and do = 2,y

0, otherwise

For (¥1,99) € (—oo,x(l)] X [x(n),oo), the likelihood function is strictly increasing
with respect to 91 and strictly decreasing with respect to 2, so it has a unique global
maximum 5(X) = Xy, X(n))- O

Note 3.26. In the case of a parameter vector ¥ € R?, we may endeavor to perform
successive maximization of the likelihood function with respect to each unknown

parameter separately, that is:

max L(¢,72 | £) = max < max L(¥,9P2 | x) ;.
(191,192)6@ ( 1 2 | ) PSS {1916@1 ( ! 2 | )}

This method will only lead to the solution of the joint maximization problem if the
maximization with respect to 91 leads to a global maximum which doesn’t depend

on the value of 5.

Example 3.43. Let X,..., X,, be a random sample with f(z;\, k) = Ae M==F) for
A>0,keRand x > k. We calculate that:

n
ﬁ(/\, k | x) =\" exp {—)\sz + n)\k} ]l[k,oo) («T(l)) .
i=1
First, we fix A and maximize with respect to k. For k < z(q), the likelihood function is
strictly increasing with respect to k, so it has a unique global maximum %(X ) =X, (1)-

Now, we maximize ¢ ()\, z(1) | a:) with respect to A. We calculate that:

14 (/\,x(l) | :v) =nlog\ — )\Zwi + nAz (1),
i=1
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n
W = ; — ;xi+nI(1) =0 = X(x) = xlx(l)’
ot (Aéiél) o) _ —55 <0, WA>0,
i.e. the function £ (X, z(y) | x) is strictly concave on (0,00). Therefore, the statistic
I(X) = <X_%X<1),X(1)> is the MLE of 9 = (A, k). If 1 = --- = x,,, we observe that
L ()\, T | m) = A", i.e. the likelihood function is strictly increasing on (0,00) and
it doesn’t have any maxima. However, it holds that P(X; = --- = X,,) = 0, so the
MLE of X exists and is unique with probability 1. O

Example 3.44. Let X1,...,X,, ~ N (¥1,92) be a random sample. We want to

calculate the MLE of the parametric function g(9) = \%7 and compare the MSE of

the MLE of 9, against the MSE of the UMVUE of 5. We calculate that:

n

(.7}7; — ’191)2.

n n
(01,99 | x) = —glog(27r) -3 log ¥y — 20,
i=1

First, we fix 92 and maximize with respect to ¥1:

85(191,192 | 37) 1 "

90, :19—22(901-—191):0 = 1/9\1($):T,

i=1

20(91,9
8(51);922’3:):_52<07 Vi € R,
1

i.e. the function £(91,794 | x) is strictly concave for fixed ¥ and has a unique global

maximum ;. Now, we maximize ((Z, 5 | 2) with respect to ¥5. We calculate that:

n n

oU(ZT, V2 | x) n 1 9 -~ 1 9
S Y (- B) = a(w) = = (a: = )%,
59, 20, 202 ;(gg 7P=0 = afa) =~ ;(x 7)
O0%0(z, 09 | x) n 1 & 9 n 2 <& 9
T2l o - N (T = ey | > (-T2 1
002 202 03 ;(33 =733 | oy ;(‘T )
826(51,52 |z) ~ n <0
093 I

i.e. the function ¢(Z, s | x) has a maximum at 5. Additionally, we calculate that:
~ 1 &
L (?91’ Uz | x) = hm (2m02) "2 exp {_2192 Z(%‘ - 36)2} =0,

lim £ (7/9\1,192 | J:) = lim (27r192)_"/2 exp{—2é2 Z(mz —x)z} = 0.

Yo—0t Yo—0T
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Therefore, the statistic 1/9\(X) = (X, 2=15%) is the MLE of ¥ = (¢1,92). According to
the invariance property, the statistic g(@) = \/g ; is the MLE of g(9) = \/1;—2. To
understand exactly how important this property of the MLE is, it suffices to consider
how arduous the procedure to calculate the UMVUE of g(+}) would be. According to
example 3.26 (page 49), the sample variance S? is the UMVUE of ¥5. According to
note 3.12 (page 38), we know that MSEy, (32) = Var (52) = %19% Additionally,

we calculate that:
~ -1
E(%) :E(” 52) _ I
n

Var (@2) = Var <n;
2n—1 ,

MSEy, (52) = Var (1/9\2) + bias?92 (1/9\2) = 7192.

L9,, biass, (52) _E (52) 9y = —%192,

—1)2 _
152>:(n 1) 2 19%:2(n 1)192

n?2 n-—1 n

We compare the MSEs of the 2 estimators as follows:

_ om—1 2
MSEy, (192) <MSEy, (§2) & T ~< & —3n+1<0.

n? n—1

Therefore, the biased MLE of 195 has a smaller MSE than the UMVUE of 5. ]

Theorem 3.24% Let X be a random sample with joint PMF or PDF f(z;4) for
Y€ O CRand x € S. Suppose that the following regularity conditions are satisfied:

I. The parameter space © is an open subset of R.
II. The support S = {z € R": f(z;9¥) > 0} doesn’t depend on the value of 9.
III. a%f(a:;ﬁ) < oo Vz € S and Vi € O.
IV. The likelihood function £(¥ | X) has a unique global maximum 9, (X) Vn € N.

V. The parameter 9 is identifiable, i.e. the likelihood function is injective with

respect to 1.
Then, the MLE 1/9\n(X ) of ¥ is a consistent estimator of ¥.
Theorem 3.25% Suppose that the following additional regularity conditions also hold:
VL 25 f(;9) < 0o Vo € S and V0 € ©.
VIL fsaﬂgfx 9)dx = 193f5 x;9)dx =0V € O©.
VIII. Zx(¥) € (0,00) V¥ € O.

IX. For all ¥ € ©, there exist Jy > 0 and a function M (z, ) with Ey [M (X, 9)] < oo



78 CHAPTER 3. POINT ESTIMATION

such that:

87 log f(;9x)

3
‘8193 < M(z,9), VreS, Yi,el[d—0y,9+dyl.

Then, it holds that y/n (@L . 19) by N (0,2;(11(19)), i.e. the MLE 9,,(X) of ¥ is

an asymptotically efficient estimator of J.

Note 3.277 Suppose that the distribution of X belongs to the one-parameter multi-

O)T(2)=AW) | If the parameter space

variate exponential family with f(z;9) = h(z)e®?(
© is an open subset of R and the function @ : ® — R is continuously differentiable
with @Q'(¢) # 0 V¢ € O, then the regularity conditions I-IIT and VI-VIII are satisfied,

so it remains to check the validity of the regularity conditions IV, V and IX.

Note 3.28. We observe that the MLE of a parameter has many "good" properties
under certain conditions, especially for large samples. Indicatively, we mention that
it’s asymptotically unbiased, asymptotically efficient, consistent, a function of the
sufficient statistic and possesses the invariance property, in contrast with the UMVUE
of the unknown parameter. In table 3.4 we summarize the MLEs of the parameters

of some widely used distributions.

Bernoulli(p) <
Poisson(\)
Bin(N, p) with known N X/N
Exp(\) 1/X
Gamma(k, \) with known & k/X
Beta(d, 1) —n/ Y i log X;
Beta(1, ) —n/ > log(1l — X;)
N (w,0?) with known p S (X —w)?/n
N (p,0?) (X, (n—1)S%*/n)
U1, 92) (X X))

TABLE 3.4: Notable Maximum Likelihood Estimators

3.12 Method of Moments Estimators

Definition 3.24. Let X be a sample from a distribution with unknown parameter

9. For k =1,2,..., we define the following quantities:
i. Theoretical (raw) moment of order k: py = Ey(XT).
ii. Sample (raw) moment of order k: My =137  XF.

Additionally, for k£ = 2,3,... we define:
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iii. Theoretical central moment of order k: pj = Ey [(Xl — ul)k].

iv. Sample central moment of order k: My = LS (X; — 1)k

T n
Method of Moments: According to the strong law of large numbers, we know that:

n

1 a.s.
k n ;1 i 0 1 Mk

n
Mi==3 (Xi—m)" 3 Ey [(Xl - Ml)k} = -
i=1
Considering any of the equations My = py and M} = py, in order to obtain a system
of a total of s equations which we can solve for the unknown parameter ¥ € © C R?,

we end up with a method of moments estimator (MOME) ¥(X) of 9. The MOME is

obviously not unique, since it depends on the choice of the system of equations.

Note 3.29. We construct a system of equations starting from the lower order mo-
ments, which are theoretically easier to compute. We usually work with the central
moments, since it holds that 4 = Vard(X;), which is more readily known than
wo = Ey (X12) If the theoretical first order moment py in M} isn’t known, then it’s
substituted by the corresponding sample moment M; = X. If the moments p, and 1y,
don’t depend on the value of ¥ for some k, then we skip the corresponding equations

and move on to the higher order moments.

Example 3.45. Let X1,..., X, ~ Exp()\) be a random sample. We equate the first

order moments:

1 - ~ 1
=M = —-=X = IMNX)==
1 1 3 (X) <
We observe that the MOME of A happens to be the same as the MLE of A. O

Example 3.46. Let Xi,..., X, ~ N(u,9) be a random sample with known p. We
observe that the first order theoretical moment ©; = pu doesn’t depend on the value

of ¥, so we skip it. We equate the second order central moments:

py=My = Var(X) =3 (Xi-m)® = (X)) =3 (X - )
i=1 =1

We observe that the MOME of ¢ happens to be the same as the MLE of 9. O

Example 3.47. Let X1,...,X,, ~ N (91,92) be a random sample. We equate the

first order moments and the second order central moments:

1< ~ -~
p=M = E(Xl):n;Xi = 0(X)=X,
1=
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1< ~ 1< -
wy=My = Var(X) =3 (Xi—m) = (X)) =3 (X; - X)°.
i=1 =1

We observe that the MOME of ¢ happens to be the same as the MLE of 9. O

Example 3.48. Let X3,..., X, ~ Gamma(k, ) be a random sample. We equate

the first order moments and the second order central moments:

1 Eoo—
=M E(X))==) X; - =X,
01 1 = E(Xy) n; = 3

y=M; = Var(X)—lzn:(X— 2 = k_1y (x,-Xx)* =
Mo = Vg 1 —ni:1 i M1 /\2—ni:1 i
- - <2
X n-1 ~ nX ~ —_— nX
il 52 MX)= ———— EX)=XAMX)= ———.
) - M) =gps 7 Y X)=monse

In contrast with the MLE of ¥ = (k, A), which doesn’t have a closed form solutions
and may only be calculated numerically, we observe that the MOME of ¥ can be

calculated fairly easily. However, we also observe that it’s not a function of the
sufficient statistic T(X) = (D_1 Xi, > i q log X;) for 9. O

Example 3.49. Let Xi,..., X, ~U(0,79) be a random sample. We equate the first
order moments:
9 - _
M1:M1 = §:X = 19(X)=2X.

We observe that the MOME of 9 isn’t a function of the sufficient statistic T'(X) = X,

for 9, since MOMEs are always functions of the sample moments. O

Example 3.50. Let Xi,...,X,, ~ U(—13,9) be a random sample with ¥ > 0. We
observe that the first order theoretical moment p; = 0 doesn’t depend on the value

of 9, so we skip it. We calculate that:

0 12 92
E (X7) —/_ﬁwdac—s.

We equate the second order raw moments:

192

po=My = =

1 ~
EZXZ? =  J(X)=3My(X). O
i=1

Example 3.51. Let Xi,..., X, ~ U(V1,Y2) be a random sample. We equate the

first order moments and the second order central moments:

V1 + Vs
2

1 — — _
p =M = E(Xl)_nz;Xi =X = U1+ =2X,
i
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n

i 1
ph=M; = Var(X;)= - Z;(Xi —m)? =
1=

(U —91)* 1 <\ 2 3(n—1)

h(X)=X-5 ?’(”n_l) 0o(X) =X+ 5 ?’("n_l)

O]

Example 3.52. Let X1,..., X, be a random sample with f(z; A\, k) = e Mz=k) for
A>0,keRandx > k. Let Y; = X; —k fori=1,2,...,n. For y > 0, we calculate
that:

Fy,(y) =P(X1 —k<y)=Fly+ kX \k), fy,(y)=Fly+k k)=,
ie. Y; ~ Exp(A) for i =1,2,...,n. Therefore, we infer that:
1
E(X1) =E(V1) +k =T +k, Var(Xy) = Var(V1) = 5.

We equate the first order moments and the second order central moments:

1 1 — — 1
=M E(Xp) =— X; —+k=X k=X ——,
1 1 = (1) n; = )\—i- = \
ph=M; = Var(Xl)zlzn:(X—m)Q = izlzn:(X—Y)? =
i ’ i Z A? (o Z
~ 1 n ~ — n—1
AX) == EX)=X-S5 O
(X) SVn-—1 = (X) n

Example 3.53. Let X1,...,X,, ~ Bin(/N,p) be a random sample. We equate the

first order moments and the second order central moments:

1 - X
m=M = EX)=->X = Np=X = N==,
nz’:l p
1 n
s=M; = Var(X1)=-)» (X;—m)? =
Ha 2 ar(X1) n;( 1)
Np(1 — )—lzn:(xff)Q = ~()()—1—”_152 =
p p n & i p X
2
Nx) = — "X .
nX —(n—1)52

For the statistic (N,@ to constitute an estimator of (N, p), it needs to take values on

the parameter space © = N x (0, 1) and to agree with the support of the distribution.
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For this reason, we set forth the following restrictions:
e (n—1)S? < nX which implies that p(X) € (0,1);

e« N(X)eNand N(X) > X (ny which implies that:

- nX
N(X) = max{ \‘nX— (n— l)SQJ ,X(n)} . O

Note 3.30. Even though MOMESs are generally easier to calculate than estimators of
other kinds, they lack certain "good" properties. For example, they’re not necessarily
functions of some sufficient statistic and they don’t necessarily take values on the

parameter space.



Chapter 4

Confidence Intervals

4.1 Introduction

For a given sample x from a distribution with unknown parameter ¥, we have thus
far studied how to calculate a point estimate of ¢ like the MLE 1?(37), the UMVUE §(z),
the efficient estimator T'(x) or the MOME 9(x). These values constitute some "good'
estimates of the true value of ¥, according to the criteria set forth in the previous
chapter. However, the mere calculation of a point estimate of ¥ doesn’t provide us
with any information on the uncertainty we have about our point estimate, i.e. how
far away the true value of ¥ could lie from the point estimate we calculated based
on our sample. Therefore, we arrive at the idea for the construction of an interval
around our point estimate within which the true value of ¢ lies with some prespecified

level of "confidence".
Definition 4.1. For given a € (0,1), we consider a random interval of the form
Zy9)1—-a(X) = [L(X),U(X)] such that:

inf Py [L(X) < 9(9), U(X) > g(0)] = inf Py [L(X) < g(9) < U(X)] =1 -0,

which is called a 100(1 — a)% confidence interval (CI) for the parametric function

g(1¥). The quantity 1 — « is called the confidence level of the CI.

Interpretation: Assume that we let @ = 0.05, collect a sample x and construct a
95% CI Zy.0.95(z) = [0.9,1.2] for ¥ based on it. According to the previous definition,
one could think that the true value of the unknown parameter 9 lies inside the interval
[0.9,1.2] with 95% probability. However, this interpretation of the CI is incorrect.
In frequentist statistics, the parameter ¢ is considered to be an unknown constant,
so it will either lie or not lie inside the interval [0.9,1.2]. Since ¥ is not a random

variable, assigning a probability to the event that 0.9 < ¥ < 1.2 is meaningless. Some
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correct interpretations of a 95% CI for ¥ are detailed below.

If we repeated the sample collection process K many times and repeated the
calculation of the 95% CI for ¢ for each of these samples xj, then 95% of these
intervals would contain the true value of . In other words, the interval varies across
different repetitions, since it depends on the observed sample, and not the unknown
parameter, which always remains constant. This interpretation of Cls arises from the

strong law of large numbers as follows:
K
a > U @@ =3 Eo [Lpoo,oao ()] =Py [L(X) <9 < UX)],
k=1

where % Zk;K:1 L1(21),U(xp)] (V) s precisely the percentage of the computed Cls which
contain the true value of 9. We observe that 5% of the computed CIs wouldn’t contain

the true value of ¥ by construction.

There is 95% probability that a CI calculated from a sample collected in the
future will contain the true value of 9. Note that this probabilistic interpretation still
concerns the CI and not the unknown parameter ¥, which remains constant. Since we
haven’t yet observed the sample based on which we’ll construct the CI, we can assume
that it’s random. Therefore, the CI which we’ll construct based on it is also going to

be random, and we can assign the previously stated probabilistic interpretation to it.

4.2 Pivotal Quantity Method

Definition 4.2. A random variable @ (X, g(¥)) is called a pivotal quantity (or pivot)
for the parametric function g(1) if it depends on the value of g(«#) but its distribution

doesn’t depend on the value of 9.

Note 4.1. We observe that the pivot ) doesn’t constitute a statistic, since it depends
on the value of 1. The pivotal quantity method aims at the construction of Cls for
which the probability Py [L(X) < g(¥) < U(X)] doesn’t depend on the value of 9.
Therefore, it follows that:

Py [L(X) < g(¥) <UX) =1-a, Vdeco.

Pivotal Quantity Method — We generally heed the following steps:
1. We determine a "good" estimator T'(X) or a sufficient statistic T'(X) for 9.
2. We determine the distribution 7'(X).

3. We determine a pivotal quantity @ (X, g(¢)). The method of determining a
suitable pivot heavily depends on the distribution of T'(X).
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4. We determine constants ¢; and ¢y such that P(c; < Q@ < o) =1 — a.

5. We solve the inequality ¢; < @ < ¢o with respect to g(¥) and arrive at an
inequality of the form L(X) < ¢(9) < U(X). The interval [L(X),U(X)] is a
100(1 — a)% CI for the parametric function g(19).

Definition 4.3. If Z ~ N(0,1) and X ~ x?2 are independent random variables, then

we define:
Z

X

We say that the random variable T follows Student’s t distribution with v degrees of

freedom.

Definition 4.4. If X ~ x2 and Y ~ x2, are independent random variables, then we

define:
F— X/V1

FV17V2'

We say that the random variable F' follows Snedecor’s F' distribution with v; and v»

degrees of freedom.
Proposition 4.1. i. If X,, ~t,, then X, 4 7~ N(0,1).
ii. If T ~t,, then T? ~ F} .
iii. If F ~ F,, ,,, then F~' ~ F,, .
Proof. i. Let Y ~ x2 be independent of Z ~ N(0,1). Then, there exist independent
random variables Y7,Ys,...,Y, ~ X% such that Y and ) ;" ; Y; have the same distri-

bution. Since E(Y7) = 1, it follows that Y %1, according to the weak law of large

numbers. Therefore, we conclude that:

d A

VY/n N Y

according to the continuous mapping theorem and Slutsky’s theorem.

a
N

Xn

ii. Consider the independent random variables Z ~ A(0,1) and X ~ x2. Then,

the random variables T' and \/)ZW have the same distribution. Since Z? ~ 7%, it

follows that:

a Z?
T2 - Xi/y ~ FLV'

iii. Consider the independent random variables X ~ X12/1 and Y ~ X32~ Then,
X/v1
Y /vo

the random variables F’ and have the same distribution. Therefore, we conclude

that:
14 Y/vs

F = X/I/l ~ Lvg,vy-
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O

Note 4.2. The most involved step in the construction of a CI by use of the pivotal
quantity method is the designation of the pivotal quantity itself, since the process
of determining it mostly depends on the distribution of T'(X). In most cases, we
endeavor to transform T'(X) into a pivotal quantity @ (X, ¢g(¥)) which follows one
of the following 4 distributions: N(0,1), X2, t,, Fy .- In order to determine this
transformation, we either use some of the properties of the x? distribution detailed
in note 3.11 (page 38) or the definitions of the ¢, and F,, ,, distributions. Obviously,

the choice of a suitable pivotal quantity isn’t unique.

Note 4.3. We summarize the most notable cases in which the previous 4 distributions

are used in the construction of Cls.
i. N(0,1) distribution:
e ClIs for the mean of a normal distribution when its variance is known.
e Asymptotic Cls using the central limit theorem.
ii. x2 distribution:
e ClIs for the variance of a normal distribution.

o (s for a positive parameter of a continuous distribution with support which

doesn’t depend on the parameter.

iii. t, distribution: ClIs for the mean of a normal distribution when its variance is

unknown.
iv. Fy, ., distribution:
¢ CIs for the ratio of variances of 2 independent normal distributions.

o CIs for the ratio of 2 positive parameters of 2 independent continuous distri-

butions with supports which don’t depend on the values of the parameters.

Note 4.4. i. If we have a random sample X1,..., X, ~U(k,9) with known k, we

may define the pivotal quantity Q = ng;k ~ Beta(n, 1).
ii. If we have a random sample Xi,..., X,, ~U(¥, k) with known k, we may define

the pivotal quantity Q = % ~ Beta(n, 1).

Definition 4.5. Let X be a random variable with support S and CDF F(z). For
given a € (0,1), the constant ¢ € S for which it holds that P(X > ¢) = « or
equivalently F'(c) = 1 — « is called the upper a-quantile of the distribution.

Note 4.5. If the CDF F(x) is continuous, then it’s strictly increasing on S, so it’s
also invertible. Therefore, it holds that ¢ = F~!'(1 — a). In this case, the upper
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a-quantile of the distribution is the point to the right of which the area under the
curve of the PDF is equal to a. We denote the upper a-quantiles of the distributions
N(0,1), X2, tu, Foi v by Za, X?,;a, tu:a, Fuyesa respectively.

Note 4.6. The N(0,1) and ¢, distributions are symmetric around 0, i.e. it holds
that f(—c) = f(c) and F(—c) = 1 — F(c). Hence, we observe that P(X >¢) =a <
P(X > —c) = 1 — a. That is, ¢ is their upper a-quantile if and only if —c is their
upper (1 — a)-quantile or equivalently Z;_, = —Z, and t,.1—q = —ty.. In contrast,
the support of the x2 and F,, ,, distributions is (0,00), and they don’t exhibit any
symmetry. However, according to the properties of the F,, ,, distribution, it holds

that Fyh,/%l_a = 1

Fuz,ul;a :

Note 4.7. The pivotal quantity method doesn’t provide a specific way of calculating
the constants ¢, co. In theory, this choice could be made in an infinite number of

possible ways, but it’s usually made in one of the following 2 ways:
i. P(Q < c1) =P(Q > c2) = § which leads to the construction of equal-tailed CIs.

ii. Minimization of the statistic £(X) = U(X) — L(X) or its expected value E [¢(X)]

with respect to (c1,c2), which leads to the construction of minimum length Cls.

Minimum length CIs are better than equal-tailed Cls, but they’re also generally more

difficult to construct. In some cases, these 2 kinds of CIs may also coincide.

Note 4.8. If the distribution of the pivotal quantity () is continuous, the constants
c1, ¢ of equal-tailed Cls are chosen so that the area under the curve of the PDF of
Q to the left of ¢; is equal to § and the area under the curve of the PDF of @ to the
right of ¢z is also equal to §. In this way, the area under the curve of the PDF of @
between c; and co is equal to 1 — «, which is the desired confidence level. In other
words, c; is chosen as the upper (1 — §)-quantile of @ and c3 is chosen as the upper

5-quantile of Q.

Note 4.9. As far as the construction of minimum length CIs is concerned, we distin-

guish the following 2 important cases:

i. If the length of the CI is a multiple of ¢y — ¢1, then we specify the constants ci, co
such that the CI will contain the values of @) with the highest density. To achieve
this we need to know about the behavior of the graph of the PDF of Q.

ii. Otherwise, we differentiate the constraint P(c; < @ < ¢2) = 1 —a with respect to

c1, paying attention to the fact that co is a function of ¢1, and solve with respect

to g—if. Next, we differentiate the length of the CI with respect to ci, substitute

the derivative g—if and infer the monotonicity of the length with respect to c;.

o If the length is a strictly decreasing function of cj, then ¢; must take the



88

CHAPTER 4. CONFIDENCE INTERVALS

minimum possible value on the support of ) and co is specified so that
PQ<c)=1—a.

o If the length is a strictly increasing function of c¢1, then co must take the

maximum possible value on the support of () and c¢; is specified so that
P(QZCl):l—a.

Example 4.1. Let X1,..., X, be a random sample with F(z;k) = 1 — e @5 for
known A > 0, k € R and = > k. According to example 3.43 (page 75), the statistic
E(X) = X(1) is the MLE of k. According to example 3.52 (page 81), we know that
Y; = Xi —k ~ Exp(}\) for i = 1,2,...,n, so Y3y = X3y — k ~ Exp(nA). Since

the distribution of the random variable Y{;) doesn’t depend on the value of k, it

constitutes a suitable pivotal quantity (). We solve the inequality ¢; < @ < co with

respect to k:

01<X(1)—k‘<62 < X(l)_62<k<X(1)—Cl.

For the equal-tailed CI, we specify constants ¢y, co such that:

leY leY 1 a
P —— = l_ema_2=" -1 (1_7>
Q<) =1 =S s = e (1-9),
leY « 1 «
]P> = — 7TLACQ = — = —71 —
(Q > c2) 5 = € 5 = 1085

Therefore, we arrive at the following equal-tailed CI:

1 o 1 o
Xy + alog §’X(1) + alog (1 — 2)] .

The length of the CI is equal to co — ¢;. We observe that the PDF of the pivotal

quantity @ is strictly decreasing on [0, 00). Since we want the CI to attain its minimum

length, it’s equivalent to require that it contains the values of @ with the highest

density. Thus, the CI attains its minimum length for ¢; = 0. We specify ¢y such that:

1
PQ<e)=1-a = l-e™2=1-a = 62:——)\loga.
n

Therefore, we arrive at the following minimum length CI:

1
X(l)—l-aloga,X(l) . O

Example 4.2. Let Xi,...,X,, ~ U(9,9 + 1) be a random sample with ¢ € R.
According to example 3.16 (page 40), we know that T'(X) = (X(y), X(,,)) is a sufficient
statistic for 9. For z € [, + 1], we calculate that Fx ,,(z) = (z —9)". We define a
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pivotal quantity @ = X,y — 9. For y € [0, 1], we calculate that:
Foly) =P [ X -9 <y|] =Fx,, (y+9) =y",
i.e. @ ~ Beta(n,1). We solve the inequality ¢; < @ < ¢ with respect to 9:
1 <X(n)—19<02 < Xp) —e <19<X(n)—01.
For the equal-tailed CI, we specify constants ¢y, ¢z such that:

« o
IP’(Q<01):§ = (=

2 2
1/n
P(Q>cQ):% = 1—03:% = 02:(1—%> .

Therefore, we arrive at the following equal-tailed CI:

¥ = (1-5)" 5= (5)"].

The length of the CI is equal to ¢z — ¢;. We observe that the PDF of the pivotal
quantity @ is strictly increasing on [0, 1]. Since we want the CI to attain its minimum
length, it’s equivalent to require that it contains the values of () with the highest
density. Therefore, the CI attains its minimum length for co = 1. We specify ¢ such
that:

PQzc)=1-a = 1-F=1-a = ¢ =a""

Therefore, a minimum length CI for ¥ is [X(n) -1, X — al/”]. O

Example 4.3. Let Xi,...,X,, ~ U(9J, k) be a random sample with known k. Ac-
cording to example 3.42 (page 75), the statistic 3(X) = X(y) is the MLE of ). For
x € [U, k], we calculate that:

E—x\"
FX<1)($):1—<I€19> .

We define a pivotal quantity Q) = k;i(;). For y € [0, 1], we calculate that:

FQ(y):P{Méy] =1-Fx,, (k—(k—=9)y) = [k—k+(k—z9)y

k—1

=Y,
i.e. Q ~ Beta(n,1). We solve the inequality ¢; < @ < c¢o with respect to 9:

k—X k—X
O R PG M O Y Py P O
k—9 c1 c2
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For the equal-tailed CI, we specify constants ¢y, co such that:

o o a\l/n

P(Q<Cl):§ = C’Tl:g = Cl:<§> s
o n a\l/n
]P(Q>cz):§ = 1—(:2:5 = 02:<1—§> .

Therefore, we arrive at the following equal-tailed CI:

= =) (5) =) (-9) ™)

The length of the CI is equal to (k — X(l)) (i — i). We want to minimize the

c1 co
1 1

function £(c1, c2) = - — ¢, under the following constraint:

Pler<Q<e)=1-a = Fgle)-Fola)=1-a = c—-cd=1-a.

First, we differentiate the constraint with respect to co:

-1
_ _ 861 c’)c1 (&) "
neyt—nel Tl =0 = —=(=2 .
862 aCQ C1

Next, we differentiate ¢ with respect to cs:

14 10c 1 1 (eo\™ !t 1 vttt
=73 2= 2\ +3:1n+1§ <0.
Ocy cyO0ca ¢ ci \c1 & e

We also know that co € [0,1]. Since the length of the CI is a strictly decreasing
function of ¢, we infer that it attains its minimum length for co = 1. We specify ¢;

such that:

PQ>c)=1-a = 1-F=1—-a = ¢ =a'"

Therefore, a minimum length CI for ¢ is [k‘ — (k — X(l)) a~1/m X(l)]. O

Example 4.4. Let X1,..., X,, ~ Pareto(k, \) be a random sample with k£ > 0, known
A>0and F(z;k) =1— (E))‘ for + > k. According to example 3.43 (page 75), the

x

statistic E(X) = X(1) is the MLE of k. For z > k, we calculate that:
k' n
Fxy@=1- (%),

i.e. X(1) ~ Pareto(k,n)). We define a pivot Q = X]il). For y > 1, we calculate that:

Xq)

Fots) = |22 <] = Fx, () = 1- (;)A ,
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i.e. @ ~ Pareto(1,n)\). We solve the inequality ¢; < @ < c2 with respect to k:

X X X,
(1)<C2 = &gkgﬁ.

c1 € —— <
k C2 1

For the equal-tailed CI, we specify constants ¢y, ¢y such that:

o} 1 « aN —1/nx
P(Q<Cl):§ = 1—0717)\25 = 01:(1—§> y
1
« 1 « o\ —1/nA
]P)(Q>Cg):* = —_— = = = CQZ(*> .
2 a2 2

Therefore, we arrive at the following equal-tailed CI:

[ ()" 0 (=)

The length of the CI is equal to Xy (L — L). We want to minimize the function

c1 co
1 1

{(c1,¢2) = - — . under the following constraint:

P <Q<c)=1-a = Fgle)-Foler)=1-a = - =1-a

First, we differentiate the constraint with respect to cy:

nA N nA Ocy 0 = dea [ nA+l
071L>‘+1 cg’\'H ocy o Ocy - Cc1 ’
Next, we differentiate ¢ with respect to ci:
o _ 1 1‘%2:_1+1<C2>M+1:M>0
Ocy Ao d A3\a ATl

We also know that ¢; > 1. Since the length of the CI is a strictly increasing function
of ¢1, we infer that it attains its minimum length for ¢; = 1. We specify cs such that:
1 —1/nA
PRQ<e)=1-a = 1-—=1-a = «a=«a .

nA
Cy

Therefore, a minimum length CI for & is [al/"’\X(l),X(l)]. O

Example 4.5. Let Xi,...,X,, ~ Gamma(k, \) be a random sample with known k.
We can easily show that the statistic T(X) = > | X; ~ Gamma(nk, \) is sufficient
for A. According to note 3.11 (page 38), we define a pivotal quantity @ = 2\T ~ X%nk'
We solve the inequality ¢1 < @ < co with respect to A:

__a
22@ 1Xi h

1=

C2

n
1 < 2X X< < < —~———.
iz_; 22?:1 Xi
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For the equal-tailed CI, we specify constants ¢y, co such that:
@ o
P(Q<c1)= 5 = P(Q>c)=1- 5 = a= X%nk;lfa/w

(6%
]P)(Q > 02) = 5 = Cy = X%nk‘,a/Z

Therefore, we arrive at the following equal-tailed CI:

2 2
Xonkil—a/2  X2nk;a/2

, O
23 X230 X,

Example 4.6. Let Xi,...,X, ~ Laplace(u,\) be a random sample with known
pweR A>0and f(z;\) = %e_Mx_’” for x € R. We can easily show that the statistic
T(X) =", |X; — p| is sufficient for \. We define ¥; = |X; — pf for i = 1,2,...,n.
For y > 0, we calculate that:

Fy,(y) =P(X —p|<y)=Pp—y< X <p+y)=Flpu+y;\) — Flp—y; A),

A A A
Fri(W) = Flut g A) o fli =y 3) = Se W g Delml = Dem g Do = :

ie. Y; ~ Exp(\) fori =1,2,...,n,soit follows that T(X) ~ Gamma(n, A). In exactly
the same manner as in the previous example, we define the pivot Q = 2\T ~ 3,
and calculate that c¢; = X%n;lfa o C2 = X%n;a /2° Therefore, we arrive at the following
equal-tailed CI:

2 2
X2n;1—a/2 X2n;a/2

, . O
2 Z?:l | Xs — | 2 Z?:l | X — pf

Example 4.7. Let X;,...,X,, ~ Beta(1,9) be a random sample with ¥ > 0 and
f(x;9) =91 —2)?~! for z € (0,1). We can show that T(X) = — > | log(1 — X;) is
a sufficient statistic for ¥. We define ¥; = —log(1 — X;) for i = 1,2,...,n. For y > 0,

we calculate that:
Fy,(y) =P(-log(1-X1)<y)=P(1-X12e¥)=F(1—-e%9),

Pry) = eV (L= e¥0) = e (114 ¥)" " =g,

ie. Y; ~ Exp(9)fori=1,2,...,n,soit follows that T'(X) ~ Gamma(n, ). In exactly
the same manner as in the previous example, we define the pivot Q@ = 29T ~ X3,
and calculate that c¢; = X%n'l—a o C2 = X%n'a /2° Therefore, we arrive at the following

equal-tailed CI:

2 2
XQn;lfa/Q X2n;a/2

- - O
25" log(1—X;)" 2307 log(1 — X;)
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Example 4.8. Let X,..., X, be a random sample with F/(z;\) =1 — e~ Me=k) for
A > 0, known k € R and z > k. According to example 4.1 (page 88), we know that
Yi=X; —k ~Exp(\) fori=1,2,...,n,s0 T(X) =Y ", Xi — nk ~ Gamma(n, \).
In exactly the same manner as in the previous example, we define the pivotal quantity
Q = 2AT ~ x3, and calculate that ¢; = X%n;ka/w co = X%n;a/Q' Therefore, we arrive

at the following equal-tailed CI:

2 2
X2n§1—a/2 X2n;a/2
230 X =20k 2 X, — 2nk |

O]

Example 4.9. Let X1,...,X,, ~ Pareto(k, \) be a random sample with known &k > 0,
A>0, flz;A) = 2 and F(a;0) = 1— (£) for 2 > k. We calculate that:

T

(X | 2) = nlog A+ nAloghk — (A+1)) logx;,

i=1
MHA|z) n -
oI T nlogh - Y loga; =
o )\+n og k 2 ogr; =0 =
~ n n 0%\ | x) n
Az) = = =——= <0, VA>0.
(z) Yo logz; —nlogk > log 7 ON2 S -

We define Y; = log % fori=1,2,...,n. For y > 0, we calculate that:

X1 v E Cy
Fy,(y) =P 10g?<y ZF(pe;)\)zl—mzl_e ,

ie. Vi ~ Exp(}A) fori =1,2,...,n and T(X) = Z?:llog% ~ Gamma(n,\). In
exactly the same manner as in the previous example, we define the pivotal quantity
Q = 2AT ~ X3, and calculate that ¢; = X%n&—a/z? cy = X%n'a/? Therefore, we arrive

at the following equal-tailed CI:

2 2
X2n;1—a/2 X2n;a/2
25" Jlog X; —2nloghk’ 23" [ log X; —2nlogk |

Example 4.10. Let Xi,..., X, ~ Exp(A\1) and Yi,...,Y,, ~ Exp(\2) be 2 inde-
pendent random samples. We want to construct a CI for the ratio % We know
that T1(X) = Y.i"; Xi ~ Gamma(n, A1) and T5(Y) = >, Y ~ Gamma(m, \2)
are sufficient statistics for Ay and Ay respectively. Let Q1 = 2\T7 ~ X%n and
Q2 = 2XoTy ~ X3,,- Since the 2 samples are independent of each other, we infer

that the random variables Q1 and ()2 are also independent. Hence, we construct the



94 CHAPTER 4. CONFIDENCE INTERVALS

following pivotal quantity:

. Q1/2n . )\1?

@ Q2/2m Xy M

We solve the inequality ¢; < @ < co with respect to :\\—;:

A1
< _— < CQ:.

< e = C1 X X
A2

>l =i
| =<l

For the equal-tailed CI, we specify constants ¢y, co such that:

(6% (6%
P(Q < c1) = 5 = P(Q>c)=1- 5 = a= Fonomi1—aj2;

a
P(Q > c2) = 5 = = Fonomiay2-
Therefore, we arrive at the following equal-tailed CI:
Y Y

F2n,2m;1fa/2§’ F2n,2m;a/2§ .

4.3 ClIs for a Normal Population

Let X1,..., X, ~ N (,u, 02) be a random sample. We want to construct Cls for the
parameters p and o2. We distinguish 4 different cases which we present throughout

this paragraph.

Example 4.11. The variance o2 is known. According to example 3.44 (page 76),
the statistic X ~ N (,u, %02) is the MLE of u. Hence, we define a pivotal quantity

Q=

X/\_/% ~ N(0,1). We solve the inequality ¢; < Q < co with respect to pu:

g

X - 1% = o — o
< < & X-—-c—=<pu<<X—c—.
1 o/ C2 02\/5 I 1 NG
For the equal-tailed CI, we specify constants ¢y, co such that:
« «
P(Q<Cl):§ = P<Q>Cl):1—5 = C1:Z1_a/2:— Oc/27

(07
P(Q > CQ) = 5 = Cy = Za/2'

Therefore, we arrive at the following equal-tailed CI:

J— g — g
X - Za/2%aX + Za/Q%

The length of the CI is equal to % (c2 — ¢1). We observe that the PDF of the pivotal
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quantity @ is symmetric and unimodal around 0. Since we want the CI to attain its
minimum length, it’s equivalent to require that it contains the values of @) with the
highest density. Therefore, the CI attains its minimum length for ¢ = —c¢;, which

implies that the minimum length CI coincides with the equal-tailed CI. O

Note 4.10. We observe that the length of the previous CI is equal to £ = 2Za/2%,

i.e. it doesn’t depend on the sample X. We note the following facts:
e The length of the CI is a strictly decreasing function of the sample size n,
which means that the CI becomes more and more precise as we collect more

observations for our sample.

e The length of the CI is a strictly increasing function of the variance o2, which
means that the smaller the variation of the observations in the sample is the

larger the precision of the constructed CI will be.

« Since it holds that Z,,, = o1 (1 — %) and the inverse of the CDF @ of the
N(0,1) distribution is a strictly increasing function, we infer that the length of
the CI is a strictly decreasing function of « or equivalently a strictly increasing
function of 1 — a. In other words, the larger the "confidence" we want to have
that the true value of 9 is going to lie within the CI the wider the CI we need

to construct is going to be.

2

Example 4.12. The variance o° is equal to 4. We want to determine the smallest

possible sample size n such that the 99% CI for p has length at most equal to 0.1.

Since o = 0.01, we demand the following:

2

0=2Z0005—= <01 = n> 423.005ﬁ ~ 10615.83,

NG
which means that the smallest possible sample size we require is n = 10616. 0

2 is unknown and we want to construct a CI for the
mean . The random variable Z = j(/?/% ~ N(0,1) doesn’t constitute a pivotal quan-

Example 4.13. The variance o

tity anymore, since it depends on the value of the unknown parameter o2. According

to example 3.26 (page 49), we know that the statistic S = 15> | (X; — X)? is

the UMVUE of 02. According to note 3.11, we know that V = ”0—_2152 ~x2_;. Addi-

tionally, the random variables Z and V are independent according to Basu’s theorem.
Therefore, we construct the following pivotal quantity:

Q= Z _ovi _X-—up

VV/n—=1) Slo S/vn

~tp_1.
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We solve the inequality ¢; < @ < ¢ with respect to u:

X — — S —
C1<7M<62 & X-—co—=<pusX -0

o/\/n NGO

For the equal-tailed CI, we specify constants ¢y, co such that:

Bk

}P’(Q<c1):% = PQ>c)=1-

o) Q

= a= tn—l;l—a/? - _tn—l;a/27

«
]P)(Q > 02) = 5 = Cy = tn—l;a/Z'

Therefore, we arrive at the following equal-tailed CI:

_ S — S
X — tn—l;a/2%a X + tn—l;a/Qﬁ

The length of the CI is equal to % (c2 — c1). We observe that the PDF of the pivotal
quantity @) is symmetric and unimodal around 0. Since we want the CI to attain its
minimum length, it’s equivalent to require that it contains the values of ) with the
highest density. Therefore, the CI attains its minimum length for ¢ = —c¢y, which

implies that the minimum length CI coincides with the equal-tailed CI. 0

Example 4.14. The mean p is known. According to example 3.38 (page 73), the

statistic 52 = 2 3% | (X; — p)? is the MLE of o2, According to note 3.11, we define

2~ X%- We solve the inequality ¢; < @ < ¢ with respect to o2

a pivot Q = 50
1 n

1 n
< ;Z(Xi—M)Q < & —Y (Xi—p?<o’<
i=1

X; — )2
. ( 1)

1

n
c1 &

=1 7

For the equal-tailed CI, we specify constants ¢y, co such that:
Q@ e
P(Q <) = 5 = P(@>c1)=1- 5 T as= Xig_a/ga

et
IP’(Q>02):§ = 02:X,2ua/2-

Therefore, we arrive at the following equal-tailed CI:

21 Z(Xi_ﬂ)%%Z(Xi_UF .

Xn;a/Z i=1 Xn;lfa/Q i=1

Example 4.15. The mean p is unknown and we want to construct an equal-tailed
CI for the variance o®. We know that the statistic $> = - 3" (X; — X)? is
the UMVUE of 02, so we define a pivot Q = ”73152 ~ x2_;. In exactly the same

manner as in the previous example, we calculate that ¢; = x2 |, 2 C2 = X /2°
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Therefore, we arrive at the following equal-tailed CI:

1 = =2 1 - )2
> Xi-X) 55— (x-X)|. O
Xn—l;a/2 i=1 Xn—l;l—a/Q i=1

4.4 Cls for Two Independent Normal Populations

Let X1,...,Xn ~N (p1,01) and Y1,..., Y, ~ N (p2,03) be 2 independent ran-
dom samples. We want to construct Cls for the mean difference p; — po and the
variance ratio Z—g We distinguish 4 different cases which we present throughout this
paragraph.

Example 4.16. The variances 0% and o3 are known. We know that the statistics
X ~ N (p1,L0?) and Y ~ N (pa, 203) are the MLEs of pq and o respectively.
Since the 2 samples are independent, we infer that the statistics X and Y are also
independent, so it follows that X — Y ~ A (,u1 — M2, %U% + %a%). We construct the

following pivotal quantity:

1o+ o
In exactly the same manner as in example 4.11 (page 94), we infer that ¢, = —Z,, s,

c2 = Zgy)2- Therefore, we arrive at the following equal-tailed CI:

— /1 1 [ — /1 1
X—Y—Za/z EO’%"‘%U%,X—Y‘FZQ/Q nO’%‘f‘mU%] .

We note that the minimum length CI for the mean difference p; — po coincides with
the above equal-tailed CI. O

Example 4.17. The variances 0% and ¢35 are unknown but equal to some common
variance o2. In exactly the same manner as in the previous example, we define the

following random variable:

XY — (11— pa)
_|_

7 —

~ N(0,1),

1
m

S|

(2

which doesn’t constitute a pivot, since it depends on the value of the unknown pa-

rameter o%. We know that S7 = 13" (X; — X)? and 53 = 157" (V; — 7)2

are 2 different UMVUEs of 02 based on the samples X and Y respectively, so it
1y Q2 Q2

(DS =152 s the UMVUE of o

based on the 2 samples put together. We also know that Vi = ”7_215’% ~ x2_; and

follows that the pooled sample variance Sg =

Vo = ””;515'% ~ x2,_1. Since the 2 samples are also independent, we infer that the
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random variables V; and V5 are independent. According to note 3.11, we infer that:

n+m—2 (n—1)8? + (m —1)52
W= o2 Sy = ' o2 2=Vi+ Ve~ Xnim2:

According to Basu’s theorem, the random variables Z and W are independent, so we

construct the following pivotal quantity:

XY —(p1—p2) o
oz ek XY wem,
- — - S - n+m—2-
VW/(n+m—2) n/O Spn/L+

Q

In exactly the same manner as in example 4.13 (page 95), ¢; = —tptm—2a/2 and

C2 = tpym—2;,a/2- Lherefore, we arrive at the following equal-tailed CI:

1 — - 1 1
+ 77X -Y + tn+m—2;a/25p -+ —

I — 1
X-Y -~ tn+m—2;a/2SP E m n m

We note that the minimum length CI for the mean difference p; — pa coincides with

the above equal-tailed CI. O

Example 4.18. The means p; and pz are known. We know that the statistics
o7 =150 (X; —m)? and 53 = L 57 (Vi — po)? are the MLEs of 07 and o3
respectively. We also know that V; = %3% ~ x2 and Vo = %8% ~ x2,. Since the
2 samples are independent, we infer that the random variables V; and V5 are also

independent. Therefore, we construct the following pivotal quantity:

_Wi/n Gty YL (X —m)® o3

= = — = — ~ F
52 52 m - 2 2 n,m-
Va/m G507 Y1 (Yi— p2)? of
. . . 0'2
We solve the inequality ¢; < Q < ¢z with respect to —$:
2
G703 162 o3 15?2
Z172 2l 72 ~ 271
€1 %X =2 o X c2 =X T o =9
05 07 Cc2 05 09 C1 05

For the equal-tailed CI, we specify constants ¢y, co such that:

« [0
P(Q < Cl) = 5 = ]P(Q > Cl) =1- 5 = (= Fn,m;l—a/Qv

(0%
P(Q > C2) = 5 = 2= Fn,m;a/2'

Therefore, we arrive at the following equal-tailed CI:

~2 ~2 ~2 ~2

1 o 1 ol _|p o1 o o7 -

F =2 F = | = m,n;l—a/2=3 'mn;a/2<3 | -
nmia/2 92 fnmil-a/2 02 92 93
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Example 4.19. The means p; and ps are unknown and we want to construct an
2 —_—
equal-tailed CI for the variance ratio % We know that S? = ﬁ (X —-X )2

2

and S2 = ﬁ S (Y- 7)2 are the UMVUESs of ¢? and o2 respectively. We also

know that Vi = %S% ~ x:_,and Vo = 7’%1522 ~ x2,_,. Since the 2 samples

are independent, we infer that the random variables V; and V5 are also independent.

Therefore, we construct the following pivotal quantity:

~ Vi/(n—1) 7571205

= Vfm—1) = s3o?

~ Fn—l,m—l-

In exactly the same manner as in the previous example, ¢1 = F,,_1,, 1,1-q/2 and

c2 = Fy_1m—1,a/2- Therefore, we arrive at the following equal-tailed CT:

g s $? g2
21 U By AT B B
anl,mfl;a/2 S% anl,mfl;lfa/Z Sg m—1,n—1;1—a/2 S22 m—1,n—1;a/2 S22

4.5 Asymptotic Confidence Intervals

Definition 4.6. For given a € (0,1), we consider a random interval of the form

Zy)1—a (X) = [Ly (X)), Up (X)] such that:

lim inf Py [L,(X) < <UL (X)]=1-a,
[Jim inf 9 [Ln(X) < g(¥) < Upn(X)] !

which is called a 100(1 — «)% asymptotic confidence interval for g(19).

Note 4.11. For the construction of an asymptotic CI it suffices to determine a se-
quence of random variables @, (X, g(?)) which depends on the value of the parametric
function g(¢) and converges in distribution to some random variable whose distribu-
tion doesn’t depend on the value of 9. For this reason, we make use of the asymptotic

results presented in paragraph 3.10.

Example 4.20. Let Xi,...,X,, ~ Pareto(k,\) be a random sample with & > 0,

known A > 2 and F(z;k) = 1 — (5))\ for x > k. According to example 3.34 (page

x
70), we know that n [X () — k| LY~ Exp (A\/k). According to Slutsky’s theorem,
it follows that:

X 1
Qn:n[(l)— }gkY:VNExp()\).

We solve the inequality ¢; < Q) < co with respect to k:

Xy o Ko

77]‘ < <:> T X X 57 - /7 -
] “ 1+ c2/n 14+e¢1/n
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For the asymptotic equal-tailed CI, we specify constants c;, co such that:

. a a 1 a
lm PQu<e)=5 = BV<a)=3 = clf—xlog<1—§>,

1
limP(Qn>02):% = IP’(V>02):% = CQZ—Xlogg.

n—oo

\)

Therefore, we arrive at the following asymptotic equal-tailed CI:

X X
) ) -
1 —log(a/2) /nA" 1 —log (1 —a/2) /n\]’

Example 4.21. Let Xj,...,X,, ~ Exp(\) be a random sample. According to ex-
ample 3.33 (page 69), we know that /n (% — /\) Ly N (0, /\2). According to
Slutsky’s theorem, it follows that:

_ 1 d 1y,
Qn—\/ﬁ<)\Xn—1>—>>\Y—Z N(0,1).

We solve the inequality ¢; < @, < ¢ with respect to A:

1
AX,

1 1
1)< & — <A< = .
> 2 X, (1+co//n) X, (1+c1/vn)

For the asymptotic equal-tailed CI, we specify constants ¢y, co such that:

61<\/ﬁ<

lim ]P)(Qn < Cl) = % = ]P)(Z > 61) =1- % = (1= Zl,a/Q = —Za/g,

n—oo
: a «
nlggoIP’(Qn > ) = 5 = P(Z > c9) = 5 = &= Zoy2-

Therefore, we arrive at the following asymptotic equal-tailed CI:

1 1

Yn (1 + Za/?/\/ﬁ) 7 Yn (1 - Za/Q/\/ﬁ) s

Example 4.22. Let Xi,...,X,, ~ Bernoulli(p) be a random sample. According
to the central limit theorem, we know that /n (X, — p) 4y ~ N(0,p(1—p)).
According to the weak law of large numbers, we also know that X, EN p. According

to Slutsky’s theorem, it follows that:




4.5. ASYMPTOTIC CONFIDENCE INTERVALS 101

We solve the inequality ¢; < @, < c2 with respect to p:

\/—<cQ
,/ <p< —X (1-X,).

In exactly the same manner as in the previous example, it follows that ¢; = —Z, s,

c2 = Zqj2. Therefore, we arrive at the following asymptotic equal-tailed CI:

1 _
— Zo (1-X0), X0+ Zyo)o X (1—Xn)].

We note that the above asymptotic CI for p € (0,1) tends to cover wider and wider

intervals outside of the parameter space as p tends towards 0 or 1. ]

Example 4.23. Let X1,..., X, ~ N(u,0?) be a random sample. We want to con-
struct an asymptotic CI for the mean p. According to example 3.32 (page 68), we

know that: -
Xn — K

d
= — Z ~N(0,1).
@n Sn//n (0,1)
In exactly the same manner as in the previous example, it follows that ¢; = —Z, s,

C2 = Zq)2- Therefore, we arrive at the following asymptotic equal-tailed CI:

X, +Za/25 [

X, — i)

Sh
Za/2\r
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Chapter 5

Statistical Hypothesis Testing

5.1 Introduction

In statistical data analysis we are often called to make a decision about whether
a formulated statistical hypothesis is mistaken or not. This claim whose validity is
called into question is called the null hypothesis and is denoted by Hy. The designation
of the null hypothesis leads to the formulation of an alternative hypothesis, which
is denoted by H;. The decision we are called to make is whether to reject the null
hypothesis Hy or not in favor of the alternative hypothesis Hi. The statistic according

to which we make a proper decision is called a statistical hypothesis test.

More precisely, the statistical hypotheses Hy and H; concern the CDF F of a
random variable X, which belongs to a class of CDFs F. The hypotheses Hy and H;
take the form Hy : F' € Fy vs. Hy : F' € Fi, where Fy, F1 C F with Fo N F, = O.

The decision we make is based on a sample x from the CDF F'.

In the framework of parametric statistics, the class of CDFs F is parameterized
by an unknown parameter 9, so it takes the form Fy = {F(z;9) : ¥ € ©}. Hence, the
hypotheses Hy and H; specifically concern the value of the unknown parameter 9. In
other words, the hypotheses Hy and H;p take the form Hy : ¢ € Og vs. Hy : ¥ € O1,
where 0,01 C © with ©gN O, = @.

A statistical hypothesis is called simple if it fully determines the CDF F(z;4).
For example, the null hypothesis Hy : 1 € O is simple if the set ©g coincides with a
singleton {¥y}. Otherwise, it’s called a composite hypothesis.

Example 5.1. i. Hy: X ~N(0,1) vs. H; : X ~ Laplace(0, 1) is a test of a simple
hypothesis vs. a simple hypothesis.

ii. If X ~ N(u,0?) with known o2, then Ho : = po vs. Hy : = pq is a test of a
simple hypothesis vs. a simple hypothesis, since ©¢ = {uo} and O = {u1}.

103
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iii. If X ~ N (u,0?) with known o2, then Hg : = po vs. Hy : pn > po is a test of
a simple hypothesis vs. a one-sided composite hypothesis, since ©g = {uo} and
©1 = (po, 0).

iv. If X ~ N(p,0?) with known o2, then Hy : = po vs. Hy : ju # pig is a test of

a simple hypothesis vs. a tow-sided composite hypothesis, since ©¢g = {uo} and
©1 =R\ {no}.

v. If X ~ N(u,0?) with 02 unknown, then Hg : = po vs. Hy : pu = pp is a test
of a composite hypothesis vs. a composite hypothesis, since ©g = {up} x (0,00)
and ©1 = {u1} x (0,00).

Definition 5.1. A statistic ¢(X) : S — [0, 1] which determines the decision about
whether to reject a null hypothesis Hy or not in favor of an alternative hypothesis Hy

is called a statistical test. If the function ¢ takes the following form:

1, reject Hy
p(z) = :
0, don’t reject Hy

then the test is called non-randomized. Otherwise, if it takes the following form:

1, reject Hy
¢(r) = q 7, reject Hy with probability v € (0,1),

0, don’t reject Hy

then the test is called randomized.

Note 5.1. A non-randomized test partitions the support of the distribution of the
sample x into 2 disjoint subsets R and A4, i.e. S = RU A with RN A = &. It holds
that:

e If x € R, then we reject the null hypothesis Hy. The subset R is called the

critical region (or rejection region) of the test.

o If z € A, then we don’t reject the null hypothesis Hy. The subset A =S\ R is

called the acceptance region of the test.

Note 5.2. When we conduct a hypothesis test, then we might make the correct

decision or we might commit one of the following 2 errors:

e Type I Error — Reject Hy when it’s in fact true. It holds that:

Py(Type I Error) = Py(X € R), ¥ € Oy.
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e Type II Error — Fail to reject Hy when it’s in fact untrue. It holds that:

Py(Type II Error) = Py(X € A), 9 € O;.

’ H Do not reject Hy ‘ Reject Hy

Hy True True Negative Type I Error
Hy Not True Type II Error True Positive

TABLE 5.1: Summary of a Hypothesis Test’s Possible Outcomes

Definition 5.2. i. The following function:

Bo(9) = Py(Correct Rejection of Hy) = Py(X € R)
=1—Py(Type II Error), o € Oy,
is called the power of a test (.

ii. The following function:

T (0) = Eg [p(X)] = Py(Reject Ho) = Py(X € R)
Py(Type I Error), ¥ € ©g
B(p(ﬁ), Y e @1

is called the power function of a test .

iii. The following quantity:

sup 7, () = sup Py(X € R) = sup Py(Type I Error),
[ISSH) [ISISh) [ISSH)

is called the size of a test .

Note 5.3. For finite sample sizes it’s not possible to minimize Py(Type I Error)
and Py(Type II Error) simultaneously. In fact, as one decreases the other usually
increases. Because the null hypothesis Hy is the hypothesis we lean on when designing
the test, its erroneous rejection usually entails the largest risk. For this reason, we
prespecify an upper limit « for the probability of committing a type I error, and we
try to minimize the probability of committing a type II error, or equivalently we try
to maximize the power of the test under this constraint. In other words, we want to

maximize the function 3, under the constraint supyeg, 7, () < o

Definition 5.3. The upper limit a on the size of a test is called the statistical

significance level of the test.

Definition 5.4. A test ¢ of size a, i.e. for which it holds that supycg, 7,(¥) = a, is
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called a uniformly most powerful (UMP) test if for every other test ¢* at significance
level a it holds that £, (¥) > By (V) VI € O5.

Note 5.4. i. If the distribution of the sample is continuous and the null hypothesis
is simple, i.e. Oy = {¥y}, it’s easy to determine a test of size «, since it follows
that supyeg, (V) = Py, (X € R).

ii. If the distribution of the sample is discrete, it’s not always feasible to construct a
non-randomized test of a specific size. In this case, randomized tests are usually

utilized.

Example 5.2. Let Xi,...,X,, ~U(0,9) be a random sample. If the critical region
of the test for the hypotheses Hg : ¢ = 0.5 vs. Hj : 9 = 0.25 at statistical signif-
icance level @ = 5% is of the form R = {x € (0,9)" : z(,) < ¢} and it holds that
Pp.25(Type II Error) = 0.2, then we want to specify the constant ¢ and the sample
size n. For z € (0,7), we know that Fx, () = (%)". First, we calculate that:

1
Eos [¢(X)] =Pos(X € R) =Pos [X() <] = (20)"=a = c¢=0.05""
Furthermore, we know that:
IP’O_25(Type 1I EI‘I"OI‘) = ]P)O.%(X ¢ R) = P0_25(X(n) > C) =1- (40)” =0.2 =

1 1 1
c= Z0.81/” = 50.051/” - Z0.81/” = 16Y/"=2 =

n=4 = c¢~024. O

5.2 Fundamental Neyman - Pearson Lemma

Theorem 5.1. (Fundamental Neyman - Pearson Lemma) We want to specify a test

of the simple hypotheses Hg : 9 = 9 vs. Hy : ¥ = v4.

o Existence of UMP Test: For given a € (0, 1), the following statistic:

where ¢ > 0 and v € [0,1] are constants such that 7,(¥) = «, is a UMP test

of size a.

e Uniqueness of UMP Test: If ¢* is another UMP test at significance level «,
then it follows that ¢*(z) = ¢(x) for all x € S such that L(Jg | x) # cL(V1 | x).
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Proof. Without loss of generality, assume that the distribution of the sample is contin-
uous. Let ¢* denote another test of the simple hypotheses Hy : 9 = ¢ vs. Hy : 9 =

at significance level a.. Since ¢*(x) € [0, 1], we notice that:

[ (2) — ()] [L(Do | x) — cL(V1 | 2)] = 0.

Then, we calculate that:

0< /S[so*(ff) — (@) [L(Wo | 2) = cL(V1 | x)] d

= Lo | z)—cL(V | z)dr — / L(Vo | z)—cL(V | z)dz
R* R
= 7o (Vo) — B+ (V1) — [mp(Vo) — B, (V1))

= Ty (J0) — a+ ¢ [By(V1) — By (V1)] < ¢[Byp(91) — By (V1)] 5

(5.1)

since it holds that m«(¥9) < o. Hence, we deduce that B,(¥1) > B+ (1) because of
the fact that ¢ > 0. Since the test ¢ has greater power than any other arbitrary test

at significance level «, we conclude that ¢ is a UMP test of size a.

Now, let ¢* denote another UMP test of the simple hypotheses Hy : ¥ = 9
vs. Hy : 9 =1 at significance level a. Then, it must hold that Sy«(¥1) = By(Vh).

According to equation 5.1, we know that:
0 < (Vo) — a+ c[By(V1) — By (V1)] = mpx (Vo) —

which implies that 7« () > a. Hence, we infer that the UMP test ¢* is also of size
« and the inequality given by equation 5.1 actually holds as an equality. Since the
function [¢*(z) — ()] [L(Jo | ©) — ¢L(V1 | x)] is non-negative and its integral over S
is 0, this implies that the function is actually 0 over S. Therefore, we conclude that
©*(x) = p(z) for all x € S such that L(Jg | ) # cL(V1 | x). O

Note 5.5. We usually work on the log scale, so we define the following UMP test:

I, (9 |x)—L(V1|x)<c
ox) =< ~, (W |z)—LW|x)=c,
0, L(Wo|z)—LW1|x)>c
where ¢ > 0 and vy € [0, 1] are constants such that m,(dy) = a.

Note 5.6. In order to specify the constant ¢, we follow a similar procedure to the
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pivotal quantity method for the construction of CIs. More precisely, we solve the
inequality £(J¢ | X) — £(1 | X) < ¢ with respect to some statistic T (X) whose
distribution doesn’t depend on the value ¥y under the null hypothesis Hy : ¥ = ty.
The statistic T'(X) is called a test statistic.

Example 5.3. Let X1,..., X, ~ N(u,0?) be a random sample with known 2. We
want to find a UMP test for the hypotheses Hy : = po vs. Hy : pp = py with pg > po

and calculate its power. We know that:

E(u]x):—glog (2mo?) — Z

The critical region of the test is given as follows:

po | 2) =l |z) <c & - Z(wz‘—m)g—Z(xi—Mo)Q <c &

It remains to specify the constant c,, so that the test is of size «, i.e. so that
Ty(to) = a. Under the null hypothesis Ho, i.e. given that Xi,..., X, ~ N (uo,0?),

we know that T'(X) = f/f ~ N(0,1). Therefore, we calculate that:

EpleX)]=a = P,ITX)>c]l=a = ci=2.

According to the fundamental Neyman - Pearson lemma, we arrive at the following
UMP test:

1, TS 7,

ofvn S Za

The power of the above test is calculated as follows:

Be(p1) =Py, (X € R) =Py, <)§/_\/’%0 > Za>
g ()i/_\/%l 7 det Mcf/_ﬁizl) e (Za‘ Mi@?) 7

since f/_\;% ~ N(0,1) under Hy, i.e. given that Xi,..., X, ~ N (u1,0?). O
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Note 5.7. We observe that the critical region of the previous test doesn’t depend
on the value p1, but only on the direction of the inequality w1 > po, which we used
to specify it. In other words, the test is UMP for every simple alternative hypothesis
Hy : p = p] with p] > po. Hence, we infer that it’s also UMP for the one-sided
alternative hypothesis Hj : u > p9. More generally, the following statements hold:

i. If the critical region of a UMP test ¢ for the simple hypotheses Hy : ¥ = ¥y vs.
Hy 9 =191 with 91 > 9y doesn’t depend on the value 1, then the test ¢ is also
UMP for the hypotheses Hy : ¥ = g vs. H{ : ¥ > .

ii. If the critical region of a UMP test ¢ for the simple hypotheses Hp : 9 = g vs.
Hy : 9 =19 with 91 <99 doesn’t depend on the value ¥, then the test ¢ is also
UMP for the hypotheses Hy : ¥ = g vs. H{ : ¥ < .

Note 5.8. We observe that the power of the previous test is a strictly increasing
function of the statistical significance level «a, a strictly increasing function of the
mean difference 117 — o, a strictly decreasing function of the variance o2 of the

observations in the sample and a strictly increasing function of the sample size n.

Example 5.4. In the setting of the previous example, we want to specify the smallest
sample size n, so that the type II error is at most equal to 0.01, if it’s known that

02 =4, uy = po +2 and a = 1%. We demand the following:

M1 — Mo
P(Type II Error) = 1 — B,(p1) = @ (Za BTN ) <001 =

Zoor —Vn < ®7H0.01) = Zogo = —Zoo1 = n =473, ~ 21.65.
Therefore, the smallest sample size we require is n = 22. O

Example 5.5. Let X1,...,X,, ~ Exp(\) be a random sample. We want to find a
UMP test for the hypotheses Hy : A = A\g vs. Hi : A < Ap and calculate its type 11
error. We consider the simple alternative hypothesis Hf : A = A1 with A\; < Ao, so

that we can apply the fundamental Neyman - Pearson lemma. We know that:

(A [ 2) =nlogh— A ;.
=1

The critical region of the test is given as follows:

o|z)—lM|z)<c & n(log)\g—log)\l)—()\O—Al)zgci<c &
i=1

(Mo —A) > @i > =n(logh —logh) —¢ ME"
i=1



110 CHAPTER 5. STATISTICAL HYPOTHESIS TESTING

* n
E x; > = & T(z)=2X) E Ti > Coq = 2X9C™"
Ao =M i—1

Under the null hypothesis Hy, i.e. given that Xi,..., X, ~ Exp(\g), we know that
T(X)=2XY" 1 X; ~ x3,. Therefore, we calculate that:

IE/\0 [(p(X)] =« = P)\o [T(X) > COJ = = Ca = X%n;a'

According to the fundamental Neyman - Pearson lemma, we arrive at the following
UMP test:

1, 2Xo Z?:l T > X%n;a

0, 2Xo Z?:l T < X%n;a

Since the critical region of the test doesn’t depend on the specific value Ay, but only

p(r) =

on the direction of the inequality A\; < Ao, which we used to specify it, we infer that
it’s also UMP for the one-sided alternative hypothesis Hy : A < Ag. For A < Ay, we

calculate that:

Py(Type II Error) = Py\(X ¢ R) (2A0 > X < X3 a)

A
=Py <2)\ZX X2n a) = FX%,L ()\Oxgn;a) :

We observe that the type II error is a strictly increasing function of A, i.e. it increases

as A tends towards the value \g. ]

Example 5.6. Let X be a sample of size 1 with f(z;9) = 1+9(z—0.5) for 9 € (-2,2)
and z € (0,1). We want to find a UMP test for the hypotheses Hy : ¥ = 0 vs.
1 : ¥ = 1 at statistical significance level a = 10% and calculate its power. The
critical region of the test is given as follows:
L(0]x) 1 1 1

< ~ — < 54 > = - — —.
L(1]z) =€ 1+z-05 ¢ TotaT LT

Under the null hypothesis Hy, i.e. given that ¥ = 0, we observe that X ~ U(0,1).

Therefore, we calculate that:
Eojp(X)|=a = Py(X>ch)=a = co=1—a=009.

According to the fundamental Neyman - Pearson lemma, we arrive at the following

UMP test:
1, z>09
p(z) = :
0, z<0.9
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Finally, we calculate that:

1
5¢(1):P1(X6R)=P1(X>0.9):/09(1+x—0.5)d:c:0.145. O

Example 5.7. Let X be a sample of size 1. We want to find a UMP test for the
hypotheses Hy : X ~ N(0,1) vs. Hy : X ~ Laplace (0, %) at statistical significance

level a = 2% and calculate its power. We know that:

1 2 1
Lo(z) = e 2 Ly(z) = —e 712,
o(z) Nors 1(z) = 4
The critical region of the test is given as follows:
1 z? ||
b(z) —li(z) <c & —ilog(27r) 5 +2log2 + 5 <c @

1
22—z >c =2 2log2—ilog(27r)—c &

14+ VI+4c 1-VI+4c
2 - 2

Under the null hypothesis Hy, i.e. given that X ~ N(0,1), we observe that:

1++1+4c* _
5 =

|| > o Or |z|< 1 1 — cq.

Po (| X| > ca) =P (X > cq) +Po (X < —co) =1 —P(cq) + P(—cq)
=1—®P(cy) +1—=P(co) =2[1 - P(cy)] < =

ca>¢_1<1—%>:Za/2:Z0_01%2.33 = 1-ca<0 =

Po(|X|<1l—¢co)=0 = Po(|X|>ca)=a = co~2.33.

According to the fundamental Neyman - Pearson lemma, we arrive at the following

UMP test:

1, |z|>2.33
o(z) = :
0, |z <2.33

Finally, we calculate that:

Bo=Pi(Jz] >ca) =1-Pi(Jz] < ca) =1 -Pi(—ca <z < )

Ca 1 Ca 1
=1 —/ Zeflx‘/Qd:c =1- / 567‘”/2013; =e %/2x0.31. O

Ca 0

Example 5.8. Let X,..., Xg ~ Bernoulli(p) be a random sample. We want to find
a UMP test for the hypotheses Hy : p = 0.2 vs. H;y : p = 0.5 at statistical significance
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level o = 5%. We know that:

6
lp|x)= longwZ + log(1 — ( Zmz> log

=1

Zmz—i—Glog(l— D).
i=1

The critical region of the test is given as follows:

0.2/(1-02) —0.2
00.2]2)—£05]z)<c < log B 05/(1-03) sz+6log 05 &
log4le>c—6log§—c s T(x le>ca—
log4’

=1
Under the null hypothesis Hy, i.e. given that X1,..., Xg ~ Bernoulli(0.2), we know
that T (X) = 3°0_, X; ~ Bin(6,0.2). Therefore, we calculate that:

6
9 (ZX > ca> =1- Fr(ca),

i=1

2 6
6
Pr(2)=>)_ (k>0.2k0.86’f ~0.9 = Ppyo (Z X; > 2) > a,
=1
3 6 6
Pr(3)=>)_ <k> 0.280.8*~ 098 = Py, (Z X; > 3) <a.
=1

Therefore, we set ¢, = 3 and specify the constant v € (0, 1) so that:

6 6
Eo.2 [¢(X)] = Py (Z X; > 3) + P2 (Z X; = 3) =a =

=1 i=1

Fr(3)—(1—a)

T EG - R

According to the fundamental Neyman - Pearson lemma, we arrive at the following
UMP test:
L, S0 #>3
p(r) =404, 9 2,=3.
0, 39 ,x<3

It Z?:1 x; = 3, then we reject the null hypothesis Hy with probability 0.4. O

5.3 Monotone Likelihood Ratio Property

If we want to specify a test for the one-sided composite hypotheses Hy : ¥ < vy

vs. Hi : ¥ > 9, then we may first apply the fundamental Neyman - Pearson lemma
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to specify a UMP test ¢ for the simple hypotheses Hy : ¥ = ¥g vs. Hy : ¥ = th
with ¥ > 9. If we show that the critical region of the test ¢ does not depend on
the value 91 and supycy, 7o (¥) = m,(U0), i.e. the power function 7,(¥) is increasing
with respect to ¥ on (—oo, ], then ¢ is a UMP test for the composite hypotheses
Hp : 9 < g vs. Hi : 9 > 9y. The same also applies to the one-sided hypotheses
Hy : 9 2 99 vs. Hy : 9 < I, ie. it suffices to apply the fundamental Neyman -
Pearson lemma to specify a UMP test ¢ for the simple hypotheses Hy : 9 = ¢ vs.
Hy : ¥ =91 with 91 < ¥g. Then, it suffices to check that the critical region of the
test ¢ does not depend on the value 91 and the power function 7,() is decreasing

with respect to 9 on [J, 00).

Definition 5.5. We say that the distribution of the sample X has the monotone
likelihood ratio (MLR) property with respect to some statistic 7'(X) if the likeli-

hood ratio A\(z) = ﬁggflg is an increasing function with respect to 7'(z) on the set
{zr eS: LW |z)>0o0r L(J2]|x) >0} for every pair V1,72 € © with J; < Ja.

Note 5.9. If the likelihood ratio A(z) is a decreasing function with respect to some
statistic T'(x), then it’s obviously an increasing function with respect to —7'(x), so the
distribution of the sample has the MLR property with respect to T%(X) = —T'(X).

Proposition 5.1. If the joint distribution of the sample X belongs to the one-
parameter multivariate exponential family with f(z;19) = h(z)e@@T@-AW) and the
function @ : ©® — R is strictly increasing, then the distribution of the sample has the
MLR property with respect to the statistic 7'(X).

Proof. Let 91,99 € © with 91 < ¥5. Then, we calculate that:

Az) = L] z) _ h(w)eQWT@-AW02) AW~ AW2)~[QW) ~Q(92)]T (=)
ﬁ(ﬁl ’ .%') h(x)eQ(ﬁl)T(r)—A(ﬂl) ’

9(T'(x))
Since @ is strictly increasing, we know that Q(¢1) — Q(¥2) < 0. Let ¢t; < to. Then,

we infer that:

[Q(V1) — Q(I2)] t1 = [Q(h) — Q(I2)|ta = g(t1) < g(t2).

Therefore, we conclude that the likelihood ratio A(X) is an increasing function with

respect to the statistic T'(z). O

Note 5.10. If the function @ : ©® — R is strictly decreasing, then Q*(9¥) = —Q(¥})
is obviously a strictly increasing function, so the distribution of the sample has the
MLR property with respect to T*(X) = —=T'(X).

Lemma 5.1. If hy, ho are 2 increasing functions and X is a random variable, then it
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holds that Cov [h1(X), ha(X)] = 0.

Proof. Let X1, Xo be 2 independent random variables with the same distribution as
X. If X1 < Xo, then it holds that hy(X;) — h1(X2) < 0 and ho(X1) — ho(X2) < 0.
Similarly, if X7 > Xo, then it holds that h1(X1)—h1(X2) > 0 and he(X1)—he(X2) > 0.
In both cases, it follows that [hi(X1) — h1(X2)] [h2(X1) — ha(X2)] = 0. Since the

random variables X7, X5 have the same distribution as X, we calculate that:

0 < E[(h(X1) — hi(X2)) (ha(X1) —
= E [~ (X1)ho(X1)] + E [h1 (X2)ho (X2 )]

E [h1(X1)] E [h2(X2)] — E [h1(X2)] E [h2(X1)]

= 2E [h1 (X)ho(X)] — 2E [ (X)] E [h2(X)] = 2Cov [h1(X), ho(X)] .

O
Theorem 5.2. (Karlin - Rubin) Suppose that the distribution of the sample X has
the MLR property with respect to some statistic 7'(X).

i. We want to specify a test for the hypotheses Hy : ¥ < 99 vs. Hy : ¢ > ¥y. For
given o € (0,1), a UMP test of size « is given by:

1, T(x)>c
p(x)=q~, T(r)=c
0, T(z)<c

ii. We want to specify a test for the hypotheses Hg : 9 > ¥y vs. Hy : ¥ < 9. For
given a € (0,1), a UMP test of size « is given by:

1, T(x)<c
o) =<Ky, T(z)=c
0, T(x)>c

The constants ¢ € R and « € [0, 1] are specified so that m,(dy) = a.

Proof. Without loss of generality, assume that the distribution of the sample is con-

tinuous and we are interested in the first case. Let ¥ < 1¥y. Then, we calculate
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that:

7o (90) — mo(9) = By [6(X)] — Eg [p(X)] = /S (@) [f (:90) — f(a;0)] da

= Jooo iy ] o= o0 (7555 1)

We observe that the test ¢ is an increasing function with respect to 7'(X). Since

¥ < g, we also know that the likelihood ratio ]}((X)gf,?)) is an increasing function with

respect to T'(X). Furthermore, we observe that:

f(X;90)] [ flzdo) ,, _ : —
w0 |G = S = w1 =

Eﬂ[M—l} =0.

According to the previous lemma, we infer that:

f(X;7%) f(X570)
< LASGERA VY J{Aiv%) _ _
0 < Covy |:QO(X)7 f(X,’l9) 1 Ey QP(X) f(X, 19) 1 7['50(’[90) 7790(79)7
which implies that m,(¥) < m,(¥9) = a for 9 < ¥y. Therefore, we conclude that ¢ is
a UMP test of size a. O

Note 5.11. If we applied the fundamental Neyman - Pearson lemma for the simple
hypotheses Hy : ¢ = g vs. Hy : 9 = 91 with ¢ < ¥y, we would need to solve the
inequality £(Yg | x) < ¢L(Y¥1 | x) to specify the critical region of the test. Since
Y1 < Yo, the likelihood ratio ﬁgg?};; is an increasing function with respect to 7'(X)
according to the MLR property. Therefore, it holds that £L(Jg | z) < ¢L(91 | x) if and

only if T(X) > ¢, for some other constant c,. A similar observation can be made in

the first case.

Example 5.9. Let X1,..., X, ~ N (u,02) be a random sample with known u. We
want to specify a UMP test for the hypotheses Hy : 0% > 0(2) vs. Hy : 0% < O'g. We

observe that:

n

1 n
L2\ —n/2 _ R 2
f (2;0°%) = (2m) exp{ 552 i:1(xz 1) 5 log o } ,

where Q(0?) = —ﬁ is a strictly increasing function and T'(z) = > 1, (x; — p)?, so

the distribution of the sample has the MLR property with respect to the statistic
T(X). According to the Karlin - Rubin theorem, the critical region of the test is

given by T'(z) < c. It remains to specify the constant ¢ so that 7, (¢3) = a. Given
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that X1,..., X, ~ N (u,03), we know that:

Therefore, we calculate that:

T(X)<e o Q(X)= UlgT(X) <=

Example 5.10. Let X3,...,X,, ~ Beta(1,9) be a random sample with 9 > 0 and
f(z;9) =9(1—2)""! for x € (0,1). We want to specify a UMP test for the hypotheses
Hy: 9 <9 vs. Hy: 9 > 1. We observe that:

1
1—1)@'

f(x;ﬂ):exp{(l—ﬁ)Zlog +nlog19},
i=1

where Q(0) = 1 — ¥ is a strictly decreasing function and T'(z) = — > ; log(1 — x;),
so the distribution of the sample has the MLR property with respect to the statistic
T*(X) = —T(X). According to the Karlin - Rubin theorem, the critical region of the
test is given by T (z) > c¢. Given that X1,..., X, ~ Beta(1,7y), we know that:

n
T(X)=- Zlog(l — X;) ~ Gamma(n,?y), Q(X)=200T (X) ~ x3,,
i=1
according to example 4.7 (page 92). Therefore, we calculate that:
T (X)>c & Q(X)=29T(X)=—-20T"(X) < co = —2Vc,

IE790 [SO(X)] =a = ]P)190 (Q < Ca) =a = Ca= X%n;lfa'

Finally, we arrive at the following UMP test:

1; _2190 Z?:l IOg(l - 'rl) < X%n;l—a
p(z) = . , U
0, _2190 Zi:l IOg(l - xl) = XQn;l—a

Example 5.11. Let Xi,...,X,, ~ Pareto(k,\) be a random sample with & > 0,
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known A > 0, f(z;k) = >\+1 and F(z;k) =1— (5))\ for x > k. We want to specify a
UMP test for the hypotheses Hy : k > ko vs. Hy : k < ko. For k1 < ko, we calculate
the following likelihood ratio:

Lk |z) _ (la)“ Lbaeo) (P0) _ oy gy = o,
i) A eo) (21)

Let t1,ta € (k1,00) with t; < to. We distinguish the following cases:
e For ky < t1 <ty < ko, it holds that )\(tl) =0= ( )

e For ky < {1 < ks < to, it holds that A(t;) = 0 < (,f)

A
e For ky < ks < {1 < o, it holds that A(t;) = (%)” — A(t2).

Therefore, the function A(¢) is increasing on (ki,00), i.e. the distribution of the
sample has the MLR property with respect to the statistic T'(X) = X (1)- According
to the Karlin - Rubin theorem, the critical region of the test is given by T'(z) < c.
Given that Xq,..., X, ~ Pareto(kg, \), we know that:

1
T(X) = —X(1) ~ Pareto(1,n),

QX) = -

according to example 4.4 (page 90). Therefore, we calculate that:

1 c
X o= —,
T(X)<c P

T(X)<c < QX)= %o .

Ewlp(X)]=a = P (Q<c)=a =

l——=a = o = (1—a) /™,
CO{

Finally, we arrive at the following UMP test:

1, (1) < ko(l — a)—l/n)\

. O
0, () 2 ko( )—l/n)\

p(z) =

Example 5.12. Let Xq,..., X, ~U(0,9) be a random sample. We want to specify a
UMP test for the hypotheses Hy : ¥ < ¥g vs. Hy : ¥ > vg. For 91 < 92, we calculate
the following likelihood ratio:

L(Y | x 91\" Lo, (T(n
2/ Lou) (Tw)

Let t1,t2 € (0,92) with ¢; < to. We distinguish the following cases:

e For0<t; <ty < 191 < 792, it holds that )\(751) (%)n = )\(tQ).
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e For 0 <t <1 <ty < U, it holds that \(t;) = (%2)" < 00 = A(ta).
e For0< i <t1 <ta < 192, it holds that )\(tl) =00 = )\(L‘Q).

Therefore, the function A(¢) is increasing on (0, ¥2), i.e. the distribution of the sample
has the MLR property with respect to the statistic T'(X) = X(n)- According to the
Karlin - Rubin theorem, the critical region of the test is given by T'(z) > ¢. Given
that X1,..., X, ~U(0,9), we know that:

1

Q) = 5 T(X) = 5

= 5 X(n) ~ Beta(n, 1),

according to note 4.4 (page 86). Therefore, we calculate that:

T(X)>ec & QX)= 1910T(X) > o = ﬂio’

Eg, [p(X)]=a = Pyp(Q@>ca)=a = l-cdi=a = cu=01-a)/"

Finally, we arrive at the following UMP test:

L, x> Jo(1 — Oz)l/n

p(x) = O

0, l‘(n) < 190(1 - Oé)l/n .

Theorem 5.3% Suppose that the joint distribution of the sample X belongs to the
one-parameter multivariate exponential family with f(z;9) = h(x)eQWTE)=AW) and
the function @ : © — R is strictly monotone. We want to specify a test for the
two-sided composite hypotheses Hy : ¥ < 91 or ¥ > 99 vs. Hy : %1 < ¥ < vo. For
given a € (0,1), a UMP test of size « is given by:

I, ca<T(x)<ec

7, T(x)=c

Y2, T(x)=c2

0, T(z)<ciorT(z)>co

The constants ci,ca € R, 71,72 € [0,1] are specified so that m,(¥1) = m,(¥2) = a.

5.4 Generalized Likelihood Ratio Tests

Definition 5.6. Consider the general hypotheses Hy : ¥ € Og vs. Hy : ¢ € ©1, where
BOpUBO; =0 and ©gN O = @. The following statistic:

suPyco, £(V | 2)

AN(z) =
= Supgeo L0710
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is called the generalized likelihood ratio.

Note 5.12. It obviously holds that 0 < A*(z) < 1 Va € S. If the MLEs 9 of ¢ and
Jo = arg maxyce, £(V | ) of ¥ under the null hypothesis Hy : ¥ € O exist, then it

follows that:
| x

~vold)
LY ]|x

— |~

Generalized Likelihood Ratio Criterion: A test of size « for the general hy-
potheses Hy : 9 € Og vs. Hy : ¥ € ©1, where OgUO; = 0 and Oy NO; = G, is given
by:

I, XMx)<c
o) =<7y, N(z)=c-
0, X(z)>c

The constants ¢, € [0, 1] are specified so that supycg, 7, (V) = a.

Note 5.13. Intuitively, the numerator of the ratio \*(x) expresses the maximum
likelihood under the null hypothesis, while the denominator expresses the maximum
likelihood as a whole. If the numerator is much smaller than the denominator, i.e.
the ratio A*(x) is close to 0, then it’s not very probable that the sample X follows a
distribution with parameter value ¥ which belongs to the set ©g, so we reject Hy. If
the numerator is close enough to the denominator, i.e. the ratio A*(x) is close to 1,
then we cannot distinguish how probable it is that the sample X follows a distribution
with parameter value ¥ which belongs to the set ©g compared to a parameter value

which belongs to the entire parameter space O, so we don’t reject Hy.

Example 5.13. Let Xi,..., X,, ~U(0,9) be a random sample. We want to specify
a test for the hypotheses Hy : ¥ = Y9 vs. H; : 9 # 9y and calculate its power.
According to example 3.42 (page 75), we know that the statistic 1/9\(X ) = X(n) is the
MLE of ¢. Since the null hypothesis Hy is simple, we infer that 1% = 1. Therefore,

we calculate that:

_LW@olw) _ 95" () ) [ze/ D] @y <o

LO|2) (2] " Lo @m) 0, () > o

A ()

According to the generalized likelihood ratio criterion, the critical region of the test
is given by:
T(n) "

* 1/n
A (:E) <c <= |:’l90:| < cor Z(n) >9y & T(n) < Ypc / OT T'(p) > .
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Under the null hypothesis Hy, i.e. given that Xi,..., X, ~U(0,9y), we know that:

1~ 1
QX) = 19—019(X) = ﬁ—OX(n) ~ Beta(n, 1),

according to note 4.4 (page 86). Hence, we calculate that:
Xy < Yoc™ or Xmy>% & Q<ca= /morQ >1,
1/n

Eﬁo [QO(X)} =a = Pﬂo (Q < ca) + ]P)ﬁo(Q > 1) =0 = Cq=0 .

Therefore, we arrive at the following test:

1, x4y < 9o/ or x(,y > o
o(z) = (n) (n) ‘
07 190041/71 < L(n) < 790

For 9 > vy, we calculate that:
Bo(9) =Py (X(n) < doa'/™) + Py (X0 > o)
:Pﬁ<;§m<aﬂﬂg)+Pﬁ<;nm>f?>
(Y (Y S (%)

For ¥ < ¥y, we calculate that:

1 Jo
Py (X(n) > 190) =Py (19X(n) > 19> 0,

a(Wo/N", 9> doal/m
Py (X(n) < 190041/”) =Py <1X(n) < al/"ﬁo) = (Jo/9) 0 ‘
19 19 17 79 < ’190(11/”

Finally, we conclude that:

1, ¥ < Yoat/m
Bo(0) = o (9/9)™ Yoa/m <9 <9y . O
1—(1—04)(190/19)”, ¥ > g

Proposition 5.27 Suppose we want to specify a test for the hypotheses Hy : ¥ = g
vs. Hy : 9 # ¢ or the hypotheses Hy : 11 < ¥ < 9 vs. Hy : ¥ < 1 or ¢ > t}5. Then,
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the generalized likelihood ratio criterion leads to a test of size « of the following form:

;

1, T(x)<ciorT(x)>co
Y1, T(l‘) =
p(r) =
725 T(l’) =C2
0, a1 <T(x)<co

The constants ci1,c2 € R and 71,72 € [0,1] are specified so that 7,(J9) = a or

(V1) = my(Y¥2) = a respectively.

Theorem 5.4% (Wilks) We want to specify a test for the hypotheses Hy : 9 € ©
vs. Hy : 9 € O1, where Og U B = © and Oy N O; = &. Suppose that the regularity
conditions for the asymptotic efficiency of the MLE of ¢ are satisfied. If d is the
number of restrictions that the null hypothesis Hy sets on the parameter space O,

then it follows that:
Dp(X) = —2log X (X) = =2 [£(D | X) — (0 | X)| Y ~ 2.
Therefore, we arrive at the following asymptotic test of size a:

1, —2log \n(z) > X7
p(r) = o
0, —2log\i(x) < X?i

Ne?

5.5 Statistical Hypothesis Tests for a Normal Population

Let X1,...,. X, ~ N (u,o2) be a random sample. We want to specify tests for
the hypotheses Hg : u = pg vs. Hy : o # po. We distinguish 3 cases which we present
throughout this paragraph.

Example 5.14. The variance o2 is known. We know that X ~ A (u, %02) is the
MLE of pu. We calculate that:

log A*(2) = o | 2) — (G | ) = —5 [2(:@ — o =3 (i - x>2]

i—1 i=1
1 n n
= _ﬁ (TLM(Z) — 2ug0 Z‘TZ + 2521’%‘ — nx2>
i—1 i—1
n P no,_
= —5 3 (Mg — 2p07 +22° = 7%) = — 5 (7 — po)”.

According to the generalized likelihood ratio criterion, the critical region of the test
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is given by:

(T — o)’
a?/n

T — [o

o/\/n

Under the null hypothesis Hy, i.e. given that X1,..., X, ~ N (uo,0?), we know that

Z = f_\%) ~ N(0,1). Therefore, we calculate that:

Nx)<e <

> o = V.

>c"=-2loge < ‘

By [o(X)] = Py (|52

=1—®(ca) + P(—ca) =1 —P(ca) + 1 = P(cn) =2[1 — P(ca)] = «,

. ca) = Puo(Z > ca) + (2 < —ca)

Q@ _ «
Pea)=1-5 = = 1(1_*) = Za/2
Finally, we arrive at the following test of size a:
1, I_fo | Za/g
ple)=q = I x
0, o/n < Za/2
Note 5.14. In the previous test, we observe that:
T — Lo
A= e R™: < Z
{”” oV a”}
= R": 7 — Zy /o < pio < T + Zoyjg—r
=4qT€ ‘T 04/2%\/“)\1'_'_ 04/2%

= {:L’ eER":pp € Zyi—alx) = [$— Za/Q%,j—‘_ Za/Q\(/fﬁ] } ,
where Z,;,1_q(x) is the 100(1 — )% equal-tailed CI for the mean . In other words,
we don’t reject Hy : o = po against Hy @ p # po at statistical significance level «
if and only if the value pg lies inside the 100(1 — a)% equal-tailed CI for u. This
connection between Cls and tests with two-sided alternative hypotheses provides us
with an alternative method of specifying the critical region of tests with two-sided

alternative hypotheses.

2

Example 5.15. The variance o is unknown. According to example 3.44 (page 76),

we know that fi = Z and 52 = ”7715’2. Under the null hypothesis Hy, i.e. given that

1= o, we know that 53 = L S (2; — po)?, according to example 3.38 (page 73).

T n
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Therefore, we calculate that:

= = T @ o) + 207 a0) D (i - x>]

=1 =1

— 5%+ (T —mo)® + fv—MO (sz_”fC):&QJr(f’f—uo)z,

log \*() = € (0,5 | ) — £ (1i,0° | x)

~92 n
n o 1 1 .

_ 2 2
——5108;72—@' (zi — ko) +ﬁ. (zi —T)
=1 =1
n (T—po)’] n  n n n(T — po)?
= Mg 1 RO R e 1 P RO
2°g[+ 52 ] 23 ZOg[+(n—1)32

According to the generalized likelihood ratio criterion, the critical region of the test

is given by:
N(z)<e <« —Elog 1+ (T = po) <c"=loge &
2 (n—1)s?
TL((IZ - :U’O) Kok —2c*/n (f B IU’O)Z sk ok
1 = & =(n-1 -1 <
+ (n = 1)s? > 2/n > c (n—1)(c )
s/\/ﬁ > Cq = VCTFFL

Under the null hypothesis Hy, we know that 7" = / \f n—1, according to example
4.13 (page 95). Therefore, we calculate that:

B[] = P | 572
=1- FT(Ca) + FT(—Ca) =2 [1 — FT(CQ)] = q,

. ca) = Puo(T > o) + By (T < —ca)

@ _ o}
FT(CQ) =1- 5 = Co = FTI (1 - 5) = tn—l;a/?'
Finally, we arrive at the following test of size a:
L | T8 >ty 10
pla) =4 T VTR g
0, i/_\l;% < tn—l;a/?

2

Example 5.16. The variance o“ is unknown and we want to specify an asymptotic
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test. Under the null hypothesis Hy, we know that:

X, —
n M0 4z N0, 1),

according to example 4.23 (page 101). Therefore, we arrive at the following asymp-

totic test of size a:

o(z) = b || > Bar
0, 13/_\1/1’% gZoz/Q

Alternatively, we know that:

X — u0)2
Dp(X) = —2log X (X) = nlog [1 + (A;‘O)] LY~y
o
according to Wilks’ theorem. Hence, we arrive at the following asymptotic test of

size o

1, nlog [14+ E4E] > 8,
p(r) =

0, nlog [1 + (5%;;0)2} < X%;a
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